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Résumé

Queues de distribution des sommes de variables aléatoires a variations régulieres:

calculs et simulation.

Cette these s’intéresse a l'utilisation de techniques numériques par approximation sous forme
de séries et de techniques de simulation pour I'approximation de la queue de distribution de
sommes de variables aléatoires a variations régulieres. Le calcul de la probabilité que la somme
soit plus grande qu’un seuil donné est important en gestion des risques. En particulier, ce calcul
est utilisé pour définir le besoin en capital des sociétés d’assurances ou d’autres institutions

financiéres.

Le premier chapitre constitue I'introduction de la these. Il explique les principaux résultats et

présente les outils mathématiques qui sont développés dans la these.

Le second chapitre est basé sur le travail : ”Series expansions for the sum of the independent
Pareto random variables”, article rédigé avec le Professeur Christian ROBERT, directeur de la
these. Cet article est soumis a publication. Il propose un algorithme de calcul pour déterminer
la queue de distribution d’une somme de variables aléatoires de type Pareto non nécessairement
équidistribuées. Il propose une approximation sous forme de série de la fonction de survie de la
somme. L’algorithme utilisé pour calculer 'approximation est simple, facile a implémenter, et

offre de tres bons résultats numériques.

Le troisieme chapitre de cette these est basée sur I'article : ”New efficient estimators in rare event
simulation with heavy tails”, publié dans Journal of Computational and Applied Mathematics,
et co-écrit avec le Professeur Christian ROBERT. 1l s’intéresse a ’approximation par simulation
de la probabilité que la somme de variables aléatoires indépendantes a variations réguliéres
soit plus grande qu’un seuil élevé. Des estimateurs efficaces ont déja été introduits dans la
littérature associée a la simulation d’événements rares. Nous proposons de nouvelles techniques

de simulation qui sont plus efficaces que les méthodes précédemment proposées.

Le quatrieme chapitre poursuit ’analyse de la simulation d’événements rares du type ”la somme
est plus grande qu’un seuil”, mais cette fois-ci il s’intéresse a des situations ou les variables
aléatoires sont dépendantes. Il se focalise sur le cas ou la dépendance est donnée par une
copule archimédienne. Ce chapitre est basé sur 'article en relecture : ”Efficient simulation of
tail probabilities of sums with heavy tailed random variables and Archimedean copulas”. Les
équivalents asymptotiques de la probabilité de dépassement de seuil ne sont connus que dans
des cas particuliers et ils fournissent en général des approximations tres médiocres de la vraie
valeur. Les techniques de simulation sont donc tres appréciables pour obtenir rapidement des

approximations précises. Nous proposons quatre estimateurs et quatre techniques de simulation



ii

associées. Nous montrons que les erreurs relatives sont asymptotiquement bornées pour presque

tous les estimateurs. Les simulations montrent que certains estimateurs sont plus précis.



Abstract

Tail distribution of the sums of regularly varying random variables, computations

and simulations

This thesis aims to study computation and simulation methods to approximate tail distribution

of the sums of regularly varying random variables. The paper proceeds as follows:
The first chapter provides the general introduction of the thesis.

The second chapter is essentially constituted by the article ”Series expansions for the sum of the
independent Pareto random variables” which was co-written with Professor Christian ROBERT,
actually submitted for publication. It deals with the problem of estimating tail distribution of
the sum of independent Pareto variables. This problem has been studied for a long time but a
complete solution has not yet been found. In this section, we acquire an exact formula, a series
expansions, for the distribution of the sum of independent Pareto of non-integer tail indices.
Not only is this formula simple and easy to apply but it also gives better numerical results than

most of existing methods.

The third chapter rests on the article ”New efficient estimators in rare event simulation with
heavy tails”, co-written with Professor Christian ROBERT, currently published on ”Journal of
Computational and Applied Mathematics 261, 39-47” in 2013. Practically, efficient estimation
for tail distribution of the sum of i.i.d. regularly varying random variables is one of widely
researched problems in rare event simulation. In this context, Asmussen and Kroese’s estimator
has performed better than other works. This part will introduce a new way to approach the
sum. Our obtained estimator is more efficient than Asmussen and Kroese’s estimator in the
case of regularly varying tail. In other cases, combined with techniques of conditional Monte

Carlo and importance sampling, our estimator is still better.

In the fourth chapter, we continue to study the tail behavior of the sum of regularly varying
variables, with additional assumption that the dependence follows an Archimedean copula or
an Archimedean survival copula. This section hinges on the article ”Efficient simulation of
tail probabilities of sums with heavy tailed random variables and Archimedean copulas” which
is under consideration for being published. Almost all previous studies on this problem used
asymptotic approaches which are hard to control the errors. Therefore, techniques of simulation
to calculate the tail probability of the sum are presented. Though some of our estimators
have bounded relative errors while the others do not, all of them give favorable numerical

performances for such a challenging problem.
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Chapter 1

General introduction

This thesis focuses on calculating the probability that the sum of regularly varying positive
risks exceeds a large threshold. We obtain results from the simple case in which the risks are
independent Pareto random variables to the complex case where the risks are regularly varying

random variables, and the dependence follows an Archimedean model.

1.1 Presentation of the thesis

This dissertation contains four chapters organized as follows:

The first chapter entitled ”General introduction”, gives an overview of the existing works

related to the thesis and briefly presents our results.

The second chapter entitled ”"Exact computation for the sums of independent Pareto vari-
ables” is co-authored with Prof Christian ROBERT and is currently being submitted for publi-
cation under the title ”Series expansions for the sums of independent Pareto random variables”.
This section aims to introduce a construction of an exact formula for the distribution of the
sums of independent Pareto random variables. Although Pareto distribution is simple, the dis-
tribution of the sum of two or more independent Pareto random variables is not less simple
than the distribution of the sum of other regularly varying random variables. In particular,
very few explicit analytical expressions of the convolutions are known, for example: Hagstroem
(1960)[28] ; Brennan, Reed and Sollfrey (1968)[20]; Blum (1970)[18]; Ramsay (2006) [45]; and
Ramsay (2008) [46] but all these works are limited due to strong assumptions for the param-

eters of Pareto variables. Some results of the sums of independent regularly varying variables
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are applicable to this part’s problem: Geluk, Peng and De Vries (2000)[25]; Barbe and Mc-
Cormick (2005)[15] and Albrecher, Hipp and Kortschak (2010)[1]. However, these papers study

asymptotic behaviors of the sum rather than exact approaches.

In this chapter, we decide to focus on the sums of independent Pareto random variables. The
major outcome provides an infinite series expansions in the case of Pareto random variables with
non-integer tail indices. The advantage of our finding is that the Pareto variables may have
different tail indices and different scale parameters. This formula is applicable in calculating
risk measures such as VaR, TVaR, ES, etc... for portfolios of independent Pareto risks and

deriving an exact formula for compound sums of Pareto claims.

The third chapter entitled ”The sums of i.i.d. regularly varying random variables and sim-
ulation” is co-written with Prof Christian ROBERT and is recently published under the title
”"New efficient estimators in rare event simulation with heavy tails”, on ”Journal of Computa-
tional and Applied Mathematics 261, 89-47”. This section is about the efficient simulation of
probability z(s) = P(S,, > s) where s takes a large value and S, is the sum of n i.i.d. regularly

varying random variables Xy, .-+, X,,.

The classical Monte Carlo simulation method (so-called crude Monte Carlo) is not efficient in
estimating small or very small probabilities because the variance of the estimators is much
larger than the expectation. Methods of variance reduction for estimators of small probabilies
as z(s) have been studied for a long time. For example, Asmussen and Binswanger (1997)[4]
proposed conditional Monte Carlo methods; Asmussen, Binswanger and Hojgaard (2000)[11] and
Juneja and Shahabuddin (2002)[40] used importance sampling techniques; Dupuis, Leder, and
Wang (2007)[23] and Hult and Svensson (2012)[36] provided the dynamic importance sampling
estimators. The best of existing estimators for z(s) was proposed by Asmussen and Kroese
(2006)[9] (called Zak(s) in this thesis). This estimator is shown in Asmussen and Kroese’s to
have bounded relative error and in Hartinger and Kortschak (2009)[35] to have vanishing relative
error. The exact rate of decay of the relative error of this estimator has been recently given by
Asmussen and Kortschak (2012)[9] under the assumption that probability density functions of

marginal variables exist.

In this chapter, we introduce a new way to construct efficient estimators for z(s). We use a
binomial random variable to control the sums of i.i.d. regularly varying variables. If the tail
index of marginal variables is less than 1, our first estimator performs better than Asmussen and
Kroese’s one without any development. In other cases, combined with techniques of conditional
Monte Carlo (when the tail index is less than 2) or importance sampling (when the tail index

is larger than 2), our estimator still has better results.
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The fourth chapter: ”The sums of dependent regularly varying variables and sim-
ulation” is co-authored with Prof Christian ROBERT and presently under the provision of
being published under the title ”Efficient simulation of tail probabilities of sums with heavy
tailed random wvariables and Archimedean copulas”. In this part, we calculate tail distribution
of the sums of regularly varying random variables via simulation techniques. The dependence
between the variables is assumed to follow an Archimedean copula or an Archimedean survival

copula.

All past research related to this problem are developed under asymptotic approaches. Albrecher
et al. (2005)[3], Jessen and Mikosch (2006)[37] and Yuen and Yin (2012)[51] studied the relation
between the tail of sums and the tail of marginal variables. Wuthrich (2003)[50] and Sun and
Li (2010)[49] considered Archimedean copulas for the dependence and worked out results in
integral form. Techniques of simulation are used to calculate tail probabilities of dependent
sums in Blanchet et al. (2009)[17], Kortschak and Hashorva (2013)[41], but only for the case
of log-elliptic vectors. There are not many studies relating to the sums of regularly varying
variables under Archimedean copula. In general, the problems of calculating tail distribution of

a dependent sum include:

e How to simulate the risks under dependent assumption: this is a challenging question
since it is hard to calculate the conditional distributions and their inverses using classi-
cal method. Therefore, a dependence structure is often simulated by means of special

stochastic representations, the Gaussian vector is an example of such approach.

o What technique to reduce the variance: even if the dependence structure can be simulated,
the variance of classical Monte Carlo method is too large. To get an efficient estimator, it

requires some variance reduction techniques.

In the fourth chapter, we use the stochastic representation of McNeil (2009)[42] and the simu-
lating procedure of Brechmann (2013)[19] to simulate the dependence structure of Archimedean
copula of generator ® and focus on the conditional Monte Carlo method to construct some
estimators with efficient relative error for the probability that the sum of regularly varying vari-
ables under Archimedean or Archimedean survival copula is over a large value. Our approach
has the advantage that it does not require the assumption of identically distributed of marginal

variables.

1.2 The main results

In this section, a brief summary of each chapter is presented with the introduction of existing

works followed by our contribution conclusions.



Chapter 1. General introduction 4

1.2.1 Exact computation for the sums of independent Pareto variables
Convolution of independent Pareto risks

The Pareto distributions are a primary subclass that is traditionally used by actuaries to model
catastrophic losses in an insurance portfolio, by banks’ risk managers to quantify operational risk
(the risk of losses resulting from inadequate or failed internal processes, people and systems,
or external events) and even by economists to model the income distribution of populations
etc,... These distributions also appear widely in physics, biology, earth and planetary sciences,

computer science, demography and social sciences.

Definition 1.1. If X is a Pareto random variable then the probability that X is greater than

x, i.e the survival distribution function is given, for x > 3, by

o

B

where a > 0 is called the tail-index and S > 0 is called the scale parameter.

There are different ways of defining Pareto variables. Another way, for example, is given by the

Lomax random variables.

Definition 1.2. If X is a Lomax random variable with scale parameter 5 and tail-index o then

the probability that X is greater than x, i.e the survival distribution function is given, for x > 0,

by

«

B
B+

P(X >zx) =

Clearly, if X and Y are Pareto random variable and Lomax random variable of the same param-
eters («, 3) respectively, then we have X 1y + 6. Suppose that we have n independent risks
in the portfolio denoted by X7, Xo,---, X, and all follow a Pareto distribution of parameters
(a1, B1), (a2, B2),- -+, (an, Bn) respectively. We are interested in the problem of calculating the
probability that sum of the variables exceeds a large threshold P(X1 + X + -+ X, > s). As
we mentioned in Section 1.1, Pareto distribution has a simple distribution function, however,
the distribution of the sum of n independent variables is difficult to obtain. One of the first
solution for this problem is developed in Hagstroem (1960)[28]. The author derived the exact

results for the case where a; = 5; =1fort=1,2,--- ,n and n < 3.
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Proposition 1.3 (Hagstroem, 1960). If p,(s) = P(

1

X; > s8) with a; = p; = 1 for i =
1

n

1,2,---,n and n < 3, then
1
pi(s) = —fors>1,
s
2 log(s—1
p2(s) = *-1-7(2 )f0r322,
s s
and for s > 3,
3 6(s—2)log(s—2) 4
p3(s) = g+ ETp— +§log(s—1)log(s—2)
2 | 2 lox 2)2 4 I 1 1 I 1 1
+ g[(og(ac— ))—(og)}—g s—1"s5—1 + s—12]1]"
for0<a,b<1, and a+b <1, where
l1—a
—logx
L(a,b):/ dzx.
11—z
b

We can make a remark that even with strong assumptions: a; = 8; = 1 and n < 3, the survival
distribution function of the sum of three variables still becomes much more complex. There
is no result for p,(s) when n > 4. In 1970, Blum derived a series expansion for the density

function of S, for the case 8; =1 and o; = a € (0,2),a # 1 fori =1,2,--- ,n.

Proposition 1.4 (Blum, 1970). If f,, is the pdf of S, with p; =1 and o; = « € (0,2), 0 # 1
fori=1,2,--- n then

12 . = Fim+ai+1)
fn = —;Z C:I[—F(l — Oé)]l Sln(’ﬂ'O&Z) Z gn_i7mw,
i=1 m=0

where &, 15 the mt* coefficient in the series expansion of the k' power of the confluent hyper-

o 1 00
geometric function 1Fi(—a, 1 —a,t) = > — 1 ie 3o Gmt™ = ((Fi(—a,1— a,t))k.
j=o J! j=0

The exact expressions for the density of the sum of n independent Pareto random variables by
Hagstroem (1960) and Blum (1970) are only valid for the identical marginal distributions and
a small range of parameters, namely, « = 1 and n < 3 or 0 < a < 2; o # 1. Blum cautioned
that it may be difficult to compute with some values of s, of o, and when n is large. Recently,
Ramsay (2006) has developed the exact formula for distribution of the sum of independent

Pareto random variables. His formula is an extension of previous study of Hagstroem (1960)
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and it covers the case where the Pareto random variables are i.i.d. of integer tail-index. His

final result is in an integral form.

Proposition 1.5 (Ramsay, 2006). If F,, and f, are the distribution and density of S, with
B; =B and a; = m € N then

where
[(n—1)/2] oy 2j+1
Qom,n(u) = (—1)n+1mn Z (_7.‘_2)3 Cij—&-l (Eim+1(u))n_2j_l % ’
Jj=0 !
u™ m ] > W
imt1(w) m! v+ logu ; - ~I—T:02#m G—m)"

and [t] denotes the greatest integer less than or equal to t and v is the Euler constant.

Ramsay (2008)[46] expanded his work to the case where tail index is not integer and scale

parameters are different. The final result also has an integral form.

Asymptotic approaches for the sums of i.i.d. regularly varying random variable

Pareto random variable is a special case of regularly varying random variables then all results

on regularly varying variables can be applied to a Pareto random variable.

Definition 1.6. A measurable function f, f : [0,00) — [0,00) is said to be regularly varying at
oo of index ¥,9 € R, if it satisfies

lim f(tw)

=tV for allt € RY,
T—$00 f(gg)

We write f € RVoo (). If 9 =0 then f is said to be slowly varying.

Definition 1.7. A random variable X is said reqularly varying if there exists an index o > 0
such that its survival distribution is a regularly varying function at co with indexr —c, i.e P(X >
1) = Fx () € RVoo(—0).

According to the Karamata’s representation (see A.1), all regularly varying function F €

RVoo(—a) can be written as F(z) = 2~ *L(z) where L(z) is a slowly varying function. If
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the slowly varying function equals to a constant, we have the Pareto variable whose scale pa-
rameter equals to that constant. Albrecher, Hipp and Kortschak (2010)[1] derived a series
expansion for distribution of the sum of n i.i.d. regularly varying variables of common survival

function F(z), the error of the result is asymptotically bounded by [F(s)]?.

Theorem 1.8 (Albrecher, Hipp and Kortschak, 2010). Let Xy, Xo, -, X,, be i.i.d. random
variables of common survival distribution function F € RV_,. If the function F is [a]-times
continuously differentiable

If k <a<k+1 then
P(S, > s) = ap1(s) — C2F(s)* (1 —2a) Beta(l —a,1 — ) + O(F(s)?).

If o =k+1 then

= 5/2 s/2
n(_l)kz—i-lF(k—i-l)(S) ~
P(S, > s) = ary1(s)+ I /xk+1dF*(”_1)($)+O F(k“)(s) / xk+1dF*(n—1)($)
0
- h=1nE[(X1+ -+ Xp1)]
where a1 (s) = nF(s) and ap(s) = a1(s)+ > _ FO(s);h=2,--- ,k+1.

j=1 J!

Apply this formula to the sum of n i.i.d. Pareto random variables of parameters (a, 3), we have

k— 1 . (Oé +] o 1) 1<r<y .' Oéﬁjl
P(Sn > s) =nB(s™ + . Z ,H ——s7 ) + O(sT 7k
J=1 J: ZjT_J “ jl

where k = [a + 1]. (see the Proof 1.3)

Inverse Laplace transform to approximate the sum of independent Paretos

Inverse Laplace transform is a numerical approach to approximate the distribution of the sum
of independent Pareto random variables. This method is widely used in sciences with many
applications of physics and engineering. If the Laplace transform of a function exists and is

calculable, we can approximate that function via inverse techniques.

Definition 1.9. The Laplace transform of a function f(t), defined for all real numbers t > 0,
written by L(f(t)), defined by

[e.o]

(1) = / e f(2)de

0

Generally, inverse Laplace transform is applicable to calculate the distribution of sum of random

variables when the random variables are independent because the Laplace transform of the sum
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is calculated by the product of the Laplace transforms of these marginal variables. The Laplace

transform of a Pareto with parameters (o, ;) is determined by

L(fi(t) = E(e_tX") = aiﬁia/a:_o‘i_l e Tdyr = ;37" T'(—ay, Bit),
Bi

where I'(a, b) is upper incomplete gamma function. The Laplace transform of the sum is then

n

£(fs, (1) = B(e5) = [ B(e) = 5™ [ asBT (=, i)
=1

i=1 =

There are several methods proposed to calculate inverses Laplace transform. One of the most
well-known is the Gaver-Wynn-Rho’s (GWR) algorithm. If f(¢, M) is numerical result cal-
culated by inverse Laplace transform and f(¢) is the true value, the error of GWR method

satisfies
|f(t) = f(t, M)
|f(®)l

where parameter M of the algorithm is an even integer. For more details about inverse Laplace

< 10708M

transform and GWR algorithm, see Appendix A.3.

Our result

In the second chapter, we present an analytic approach to calculate the distribution of the sum
of independent Pareto variables. The Pareto variables can have different tail indices and scale
parameters. The calculation technique used in this section is very simple. The result has a
familiar form as a series expansion and it can be calculated directly if no tail indices are integer.
In the case that there are some integer tail indices, with the high precision calculation, we can

get approximate results. We try to develop an exact formula for the probability P(S,, > s) where

the marginal variables are n Paretos: Xi(aq, 1), , Xn(am, Bn). Our key result is organized
as follow:
e If no tail indices aq,-- -, a, are integer, the probability P(S, > s) is written in a series

expansion form:

0cO

P(S, > s) = Z cp s

where ag € {a, + -+ oy, +k: {ir, - 05} € {1,--- ,n} k€ N}

e Corresponding coefficient of s~ is calculated by the functions ¢, w and h, which will be

determined easily. If there is a subset {i1,--- ,4;} of {1,--- ,n} such that a;, +---+a;; € N
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j
-3 otk
then all coefficients correspond to s =1 are vanishing. That means there is no integer

power in the series expansion.

e There is an exact formula for distribution of the sum of two Paretos of integer tail indices.
If there are more than three integer indices, supposed to be «;,,- -, a;,, the calculation
is done with the tail indices oy, + €, -+, a; + €. The obtained result is a lower bound for
P(S, > s). Similarly, the calculation with a;, —€,- -, a; — € gives us an upper bound for
P(S,, > s). When ¢ is close to 0, the upper bound and the lower bound converge to the

true value (see Section 2.5).

Our formula in form of series expansion is the complete expression for distribution of the sum
of independent Pareto variables of non-integer tail indices and different scale parameters. The
limitation is obvious since if there is no exact formula in the case that there are three or more
integer tail indices, the result is obtained numerically and the calculation requires high precision.
In contrast, it has certain advantages over existing works: tail indices and scales parameters
can be different, final formula is in familiar form, and distribution function can be calculated
for any range of s and very quickly when s is large. Moreover, the exact formula allows us to
have some interesting extensions. For example, we can derive a simple formula for the sum of
N i.i.d. Pareto variables where IV is a random variable. We can also calculate distribution of
the sum of Pareto variables where the scale parameters are dependent random variables with

finite expectations.

1.2.2 The sums of i.i.d. regularly varying random variables and simulation

This chapter targets on tail behavior of distribution of the sums of independent regularly varying
random variables. The variables are assumed to be identically distributed with same survival
distribution function ' € RVs(—a). As mentioned above, regularly varying variable is a
general case of Pareto where the scale parameter is replaced by a slowly varying function (see
1.6). Several techniques of Monte Calrlo simulation are applied to approach the sums. Indeed,
the idea of these techniques comes from the weak law of large number: If Y7, Y5, -+ is an infinite

sequence of i.i.d. random variables with expected value E(Y;) = E(Y3) = --- = p then

Y4 Yato4Yh
lim =

N—oo N H-

To calculate z(s) = P(S,, > s) via Monte Carlo simulation, we first create a random variable
Y (s) such that E(Y(s)) = z(s), then using a sample (Y;(s),Ya(s), -+ ,Yn(s)) of N ii.d. ran-

_ Yi+--+Yy
dom variables of the same distribution function of Y'(s). Finally, ¥ = — N is an

approximate value of z(s). In this case, variable Y (s) is called an estimator for z(s).
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Crude Monte Carlo and infinite relative error

Crude Monte Carlo is the simplest way to construct an estimator for P(S,, > s). We denote

this estimator as Z(s). It is defined by

Z1(s) = Iix, 4t X5}

By this definition, Z;(s) is a Bernoulli random variable of parameter z(s). The expectation
and variance of Z;(s) are: E(Zi(s)) = z(s) and Var(Zi(s)) = z(s)(1 — 2z(s)). In the context of
rare event simulation, the important criteria to evaluate quality of an estimator is relative error

(so-called variation coefficient). It is defined by

Definition 1.10. The relative error of an unbiased estimator Z(s) of z(s), denoted e(Z(s)), is

the ratio of the standard deviation on the expected value

- E(Z(s)  2(s)

Sd(Z(s Sd(Z(s
o(Z(s)) = (Z(s)) ( ()).

We can verify the relative error of crude Monte Carlo estimator of P(.S,, > s)

z2(s)(1 -
z(s)

e(Z1(s)) = #(s)) = /(1 —2(s))/2(s) ~ \/1/2(s) = 00 when s — co.

Using crude Monte Carlo method, the ratio of standard deviation of Y on its expected value
is asymptotically equivalent to \/W(s) The number of replications must be large enough
compared to [2(s)]~! to have an efficient approximation. Practically, this method is ineffective
when z(s) is less than 10~*. For probabilities smaller than 10~, it is impossible because of the

problem of random number generator.

Conditional Monte Carlo and Asmussen and Kroese’s estimator

In the following sections we will review variance reduction techniques for estimators. As for the
effeciency of an estimator in rare event simulation, Asmussen and Glynn (2006) defined it in

three levels of relative error.

Definition 1.11. An unbiased estimator Z(s) of the probability z(s) = P(S, > s) is called

e (1) Logarithmically efficient estimator if limsup,_, .. e(Z(s)) [z(s)]¢ =0 for all € > 0.

e (2) Estimator with bounded relative error if limsup,_, . e(Z(s)) < oc.
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e (3) Estimator with vanishing relative error limsup,_,. e(Z(s)) = 0.

It is obvious that (3) is better than (2) and (1) is the lowest level of efficiency. Moreover,
estimators with vanishing relative error can be evaluated from their rates of decay. For example,
if Z,(s) and Z(s) have vanishing relative errors satisfying e(Z,(s)) ~ [2(s)]* and e(Zy(s)) ~
[2(s)]® with 0 < a < b, respectively, we say that Z,(s) is better than Z,(s).

A well-known variance reduction method in rare event simulation is conditional Monte Carlo.
Asmussen and Glynn (2006)[7] defined a conditional Monte Carlo estimator for P(S,, > s) by:
P(S,, > s|F) where F is a subset of the o — field o(X1,---,X,). The challenge, however, is
how to find the condition F to minimize the variance (or relative error) of P(S,, > s|F). A very

simple idea for F is F = {X1,- -+, X;,—1}, which results in estimator called Zs(s):
ZQ(S) = ]P)(Sn > S|X1, ) ,Xn_1) = F(S — Sn—l)

where S,,_1 = X7 + -+ 4+ X,,_1. To obtain Z5(s), we simulate (n — 1) variables X1, -+, X,,—1
instead of simulating all the variables. Variance of Z3(s) is smaller than that of crude Monte
Carlo estimator Z1(s), but they are asymptotically equivalent. Indeed

z(s)

E ([Z2(s)]?) =E ([F(s — Sp—1)]?) > E ([F(s — Sp1)]*, X1 > 8) = F(s) ~ —

Obviously, relative error of Z5(s) has no improvement compared to Z(s)

\/z (s)/n —
z(s) z(s)

= V/(1/n — 2(s))/2(s) ~ e(Z1(s))/Vn.

The relative error of Zs(s) is large because in the condition F = { Xy, -+, X;;—1}, the probability
that a single X; takes a large value is too high. To get better performances, Asmussen and Glynn
introduced the second conditional Monte Carlo estimator for the sums of i.i.d. regularly varying
random variables. The condition F is developed from the order statistics of X: suppose that
vector (X1, Xo,---, Xp) can be arranged in non-decreasing order: Xy < Xy < -++ < Xy, if
F ={X@),X@), -, Xm-1)} we have the second conditional Monte Carlo estimator Z3(s):

Z3(s) = P(Sp > 81X (1), X2, » X(n-1))-

Note that if X(1), X(2), -+, X(n) is the order statistic of (X1, Xo,--,Xp) then the survival
distribution of X, conditioned on Xqy, -+, X(;,_1) is

F(s\/X(n_l))
P(X(m) > 81X ), X2+ Xno1) = CF(Xpon)
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Therefore, we can write the estimator Z3(s) as follows

F(s = Sm-1)VXu-1)
F(X(n—l))

Z3(s) = P(X(n) > 5 = S| X (1), Xe2)s - s X(n—1)) =

Proposition 1.12 (Asmussen and Glynn, 2006). Conditional Monte Carlo estimator Zs(s) is
logarithmically efficient i.e e(Z3(s))[z(s)]¢ < 0 for all € > 0.

The relative error of Z3(s) meets the first requirement of efficiency. Asmussen and Kroese
(2006)[10] used the property that variables are exchangeable and symmetry in a sum to introduce
another conditional Monte Carlo estimator for z(s). The idea here is partitioning according to
which X; is the largest i.e for which i one has M, = X(,) = Xj, and conditioning on the Xj;
with j # i. The estimator of Asmussen and Kroese, called Z4(s) in the book of Asmussen and
Glynn[7], and Zak(s) in this thesis, is defined by

Zag(s) =nP(S, > s, X, =M, | X1, -, Xp1) = nF (Mp—1V(s—Sp-1)).

It can be seen that Z sk (s) has bounded relative error. Indeed, if M, < s/n then S, <
(n — 1)s/n. Therefore we have M, _1 V (s — Sp,—1) > s/n. Thus, it follows that

E ([Zax (9)]?) < n? ([F(s/m)]2) ~ n? 2 (F(s)]? ~ n®[z(s))”

Hartinger and Kortschak (2009)[35] proved that the performance of this estimator is better than
the bounded relative error i.e it has vanishing relative error. Recently, the exact rates of decay
of e(Zak(s)) have been given by Asmussen and Kortschak (2012)[9] with the assumption that
the probability density function f of X exists.

Theorem 1.13 (Assmusen and Kortschak, 2012). With assumption that the density of the

marginal variables exists and are reqularly varying: f(z) = ax=(@DI(x);
o Ifa>2 or E(X?) < oo, then Var(Zak(s)) ~ n?(n — 1)Var(X1)[f(s))*
o If a=2 and E([X1]?) = oo, then Var(Zak(s)) ~ 2n?(n — 1)[f(s)]? [ uF'(u)du.
0

o Ifa <2, then Var(Zak(s)) ~n%(n —1) ko [F(s)]> where

3a 1/2
ko =2%+ = - 22 4o [(1—u) =12 tdu=o 7 [(1—u)Vu) - 1]2u’0"1du.
0

The exact rate of decay for e(Z4x(s)) depends from a:
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e For a > 2 or more general, E(X;) < oo

Sd(Zax(s)) V=1 Sd(X1) f(s)
z(s) F(s)

e(Zak(s)) = = (1+0(1) avn —1Sd(X;) s .

e For a =2 and E([X1]?) = o0

1/2

=(1+o(1)v2(n—1) /uF(u)du s7h
0

e(Zak(s)) ~

e Fora <2

V2 (n —1) ko [F(s)
nF(s)

e(Zax(s)) ~ = (14 o(1)V/(n — Dka [F(s)]>.

s —

Note that in the case of @ = 2 and E([X1]?) = oo, the term [uF(u)du is a slowly varying
0

function which is upper bounded by s¢ for all € > 0.

Improved Asmussen and Kroese’s estimator

Asmussen and Kortschak (2012)[9] introduced a related estimators for Z 4 (s) with faster rates
of decay for the two cases: @ > 2 and 1 < a < 2. If @« > 2, by applying the Taylor expansion,
the probability z(s) = P(S,, > s) can be written in term of F'(s) and its derivatives:

- , E([Sn-1]?)
P(S, > s) =nF(s) +nf(s)E(Sp—1) + nf (S)T+ .

They suggested to use S,,_1 as control variable and then resulting is the estimator
Z ko (8) = Zak (s) + n(E(Sn-1) = Sn-1)f(s).

The exact rates of decay of this estimator are given when the first derivative of f exists.

Theorem 1.14 (Asmussen and Kortschak, 2012). Assume the first derivative of f exists and

is reqularly varying at infinite: f'(s) = —a(a —1)s~ 211 (s).

e If a > 4 or more general E(X}) < oo, then

n2
Var(Z o () ~ = Var((Sama]?)[f(s)]*.
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o Ifa =4 and E(X}) = oo, then

S

Var(Zageo () ~ n¥(n = DI [ Fupdu
0

o If2<a <4, then Var(Z u,m(8)) ~n?(n — 1) k., [F(s)]® where

' = « - —w) V) =1 - aul’ u du.
ka—/o[((l V)~ — 1 — ol d

In the case of 1 < o < 2, Asmussen and Kortschak suggested the use of an importance sampling
method to improve Zax(s) and proposed to consider the estimator Z,u @ (s) = Z®)(s) +
nZ()(s) where

Z20(s) = n(n = DIE(s/(2(n = D))PLis, 50 X0 1AX0>M, 2}
_ _ _ s
Z(C) (S) = (F(S - Sn_l) — F(S))H{Mnilgs/(Q(nfl))}R + F(S)IP) Mn_l S m
n—1 - - ~ -
with R = [[ f(X;)/f(X;) and f is an importance sampling density of the form L(s)/s“ such
i=1
that & < 2« — 2. The variance of Z 4,2 () is equivalent to O([f(s)]?) when s — co.

Thus, the study of Asmussen and Kortschak has improved the estimator Z i (s) for all the case

where the tail index o« > 1. The relative error is calculated as follows:

e For 1 < a < 2, then

e(Zagoo(5) ~ O(f(5))/(nF(s)) = O(s™").

e For 2 < a < 4, then

[n2(n — 1) ko [F(s)]"?

e(Zpo () ~ — (14 0(1)y/(n — 1) ke [F(s)]2

e For o > 4, then

e(Z s (5)) ~ . = (1 o(1))——5— Sd([Su-1)?) 572
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Some importance sampling estimators for the sums of i.i.d. regularly varying ran-

dom variables

Importance sampling is a variance reduction technique that can be used in the Monte Carlo
simulation. The idea behind importance sampling is that certain values of the random variables
in a simulation have more impact on the parameter being estimated than others. If these
values are emphasized by sampling more frequently, then the estimator variance can be reduced.
Mathematically, the importance sampling is based on the Radon-Nikodym derivative. If f(x) =
f(x1, 29, ,xy,) is the density of vector X = (X3, Xo, -+, X,,), the probability z(s) = P(S, >
s) will be simulated by a sample X* = (X7, X5,--- , X¥) where

R’ﬂ
P(Sn>s) = E[H{X1+X2+-~-+Xn>s}] = /H{x1+xz+--~+xn>s}f(x)dx

RN
f(x) f(XF)
= /H{x1+x2+---+$n>s}f*(x) ff(x)dx =E H{X{+X§+---+X,§>S}W )

where f*(x*) is the density function of X*. To construct an importance sampling estimator,
we pay attention to find a biased density f* such that the variance under the importance
sampling estimator is less than the variance of crude Monte Carlo method. Asmussen and Kroese
(2006)[10] introduced the first importance sampling estimator for z(s) where the importance
sample was chosen as: X7, ---, X,,_1 which their densities remain the same while X is a Lomax

random variable of parameter (o, 1) with density f} i.e. f(x) = /(1 + 2) .

P(Sp >s) = nP(Sp>s,Xp=M,) =nE (Is, 55 x,=M,})
f(X3)

= nk mH{Xl+"'+X7L71+X,;§>S,X;:Mn}

This formula results in an importance sampling estimator for z(s), called Z75(s):

Is fH(X3)
Z17(s) = 7]@(){*) LX) ot X1+ X 2> 8, X5 =M }-
n
Asmussen and Kroese proved that this estimator is logarithmically efficient. Another impor-
tance sampling estimator for z(s) is introduced by Dupuis et al. (2007)[23]. The sample was
constructed in such a way that the estimator has a bounded relative error. Before going into

details of this importance sampling method, we define the notation X [@.8] for the conditional

random variable X |X € (a,b]. If the density of X is fy(z) then the density of X[®% is

fxtan () = fx(2)/P(X € (a,0])[{aca<p)-
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The " variable of the importance sample X[ is created by mixing the original density f; = f

_g*
with the density of conditional random variable Xl-[c(s 1))

where ¢ is a constant in (0,1)

e For ¢ = 1, X7 has the density
fxi (@) = p1f() + a1 f glesoo (2).
e For 1 <i<n,if S, > s then X has the density f(x), otherwise

fx:(x) = pif(z) + Gif fetssi_p).e (z).

i

e X has the density f(z)if S} _; > s, otherwise

[xz(z) = fXLc(s—S;;_l),oo] (z)
where p1,p2, -+ ,pn—1 are real numbers in (0,1) and ¢; =1 —p; for i = 1,2,--- ;n — 1. This
estimator, called Z1%(s), has a bounded relative error (see Dupuis et al. (2007)[23]). Hult and
Svensson (2012)[36] developed Dupuis et al. (2007) method and found the upper bound for its

relative error as a function of ¢ and p;,¢;; 1 =1,2,--- ,n.
E([ZIS( )] -1 —ai-l q n—11 1/2
1S
e(25°(9) S Z I+
z(s) gi
=1 Jj= 1 = 1
and the parameters p;,q;;1 = 1,2,--- ,n which minimize the upper bound are

(n—i—1)c 2 +1

- g =1—m:.
e P v S pi

At these points, the minimum value for the upper bound is ((n — 1)e¢=®/2 + 1) /n.

Our results

In the third chapter, we propose some estimators with vanishing relative error for z(s) = P(S,, >
s) where S, is the sum of n i.i.d. regularly random variables of tail index . Our estimators

are constructed by mixing the conditional Monte Carlo with importance sampling method and
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achieve better performance compared to the existing estimators. First, z(s) is decomposed into

P(S, >s) = P(S, > s, M, >s)+P(S, > s, M, <s)
= P(M, > s)+P(S, >s, M, <s)
= P(M, > s)+P(M, <s)xP(S, > s|M, <s).

Note that P(M,, > s) and P(M,, < s) are determined, we focus on the probability P(S, >
s|M,, < s). With the notation X* = X|X € (a,b], we have

P(S, > s|M, < s) = P(XI 4. 4 x[05] > ).

Instead of using the max M,, as the control variable as Asmussen and Kroese, we define a
discrete random variable Ny which is equal to the number of XZ.[O’S] such that Xi[o’s} > s/n. By

this definition, Ny is a binomial variable of parameter py, which is calculated as follows:

pN. = (F(s) = F(s/n))/F(s) ~ (1+ 0(1)) (""" = 1)2(s).

Applying the law of total probability and notice that ]P)(X{O’s} + -+ XT[LO’S] > s,Ns =0) =0,

we have

POXT 4 X0 > 6) = PN, = 1) x P(XI™T 4o X091 > 6N = 1)
+ PN, >2) x P(XP 4 X0 S 9N, > 2).

The probability Ng > 2 is determined by

n(n—1
P(Ny>2) = 1—(1—pn,)" —npn,(1—pn,)" " ~ (2)[pNs]2 +O0(lpn,]?)
n(n —1)

5 ("7 = 1/n)*2(5)) + O([=(5)]").

~ (1+o(1))

The rate of convergence of P(Ny > 2) is equivalent to [z(s)]? which implies that we must focus
on IP’(Xl[O’S] + —&-X,[LO’S} > s|Ng = 1). Our estimators, denoted by Zyra)(s) and Zype) (s), are

presented in the third chapter as follows:

e Estimator Zypa(s) is developed under the assumption that the density of X; is I(«)
times differentiable where I(«) is the integer part of o. The relative error of Zypa)(s)
satisfies

— If o — I() < 1/2, then e(Zyga(s)) ~ O(2(s)).
— If a — I(a) > 1/2, then e(Zypa)(s)) ~ O(s~1(@)=1/2),
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e Estimator Zype (s) is constructed with the relative error which satisfies e(Zy e (s)) ~
O(s_o‘/ (HO‘)) for all & > 0 derived without any assumption of the density. This rate of
decay is better than Z4x(s) in the case of a < 1.

1.2.3 The sum of dependent regularly varying variables and simulation

In the second and the third chapter, we focused on the sums of regularly varying variables
without any dependent assumption. However, in fact, dependences exist frequently between
variables. In some cases, the results with dependent assumption completely differ from the
results without dependent assumption. For example, the probability that the sum of n co-
monotone Lomax variables with the same tail index « exceeds s will asymptotically decrease
n® times compared to that under the independent assumption. In this thesis, we are interested

in the asymptotic behaviors of dependence which is so-called tail dependence.

Definition 1.15. The tail dependent coefficient of the positive random variables X1, Xo with
distribution functions Fy and Fy is defined by

Atz = lim P(F1(X1) > u[F2(X2) > u).

If A2 > 0, we say X; and X» are tail dependent and if A\j o = 0, we say X; and X are tail
independent. Note that X; and X5 may be strongly dependent but they can be tail independent,

Gaussian vector is an example.

Asymptotic results for the sums of dependent regularly varying variables

Albrecher and Asmussen (2005) studied tail distribution of the sum of two dependent heavy tail
random variables. They considered the positive exchangeable random variables X7, Xo of the
same continuous marginal distribution function F' and obtained results for asymptotic behavior
of P(X1 + X3 > s).

Proposition 1.16 (Albrecher and Asmussen, 2005). If X; and Xy are regularly varying ran-
dom variables of the same distribution function F € RV (—a), with Sy = X1 + Xy, then the
ratio P(Sy > s)/F(s) has the lower bound satisfying
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and the upper bound satisfying

a+1
_ P(S2 > s) ()&/2((”1) +(2— >\1,2)1/(a+1)> 0< N <2
limsup —=———— < ’
s—00 F(s) 2902 = A12) ;% <Az <1

These results were developed by Albrecher et al. (2006)[2] in the case of the non-identical
marginal distribution functions. If the survival distribution functions of X; and X5 are regularly

varying and satisfy lim %8
§—00

= ¢ and the coefficient 5\1,2 is defined by

5\1,2 = lim P(XQ > S‘Xl > S)
5—00

then we have the lower bound and the upper bound for the ratio 1P>(§1 2(3)8):
e the lower bound
]P)(Sg > S
liminf —= >1+c— Ao
e the upper bound
“1/(a ~ a+1 ~
C I (AT 4+ (14 e = 200 ) V@) 0 < &y < L
5§00 Fl(s) 20‘(1 +c— 5\172) ,% < 5\172 <1

The result of Proposition 1.16 is a special case when marginal distributions are identical: ¢ =1
and 5\1’2 = A12. An important result for the sums of dependent regularly varying variables is
the sums of asymptotically independent variables. Jensen and Mikosch (2006)[37] provided the
tail behavior of the sum of n dependent random variables X1, Xs,--- , X,, where X7 is regularly

varying while the other may be regularly varying or may be not.

Theorem 1.17 (Jessen and Mikosch, 2006). Assume X is reqularly varying with index a; > 0

and survival distribution function Fy. Assume Xo, -+, X, are random variables which satisfy
P(X; > s
lim !:c—k for all@:27 ,n
S—00 FI(S) 2

+

for some non-negative numbers ¢ and

. ]P’(XvZ > S,Xj > S) ) )
Slggo () =0 fori#j
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then

P(S,, > s
lim yzl—i—c;—i—---d".
5—00 Fl(s)

In particular, if marginal variables X; are non-negative independent regularly varying random

vartables, then

P(S, >s) ~P(X; > s)+P(Xg >s)+---+P(X,, > 9).

The assumptions in Theorem 1.17 are strong. If there exist indices ¢ such that c;r are not

P(Xi > S,Xj > S)
vanishing, the condition lim =
5—00 Fl(s)

asymptotically independent of the others. If both c;r and c;r are vanishing i.e. both tails of X;

= 0 for all ¢ # j makes sure that X; are

and X; are dominated by the tail of X;. Even if X; and X; are tail dependent, the dependence
has no impact on the tail of S,,. Yuen and Yin (2012)[51] expanded Geluk and Tang (2009)[34]
and proposed some asymptotic results for the sum of long tail random variables. These results
can be applied for the sum of regularly varying marginal variables. Yuen and Yin suggested

three assumptions for dependence structure:

e Assumption 1: Assume that 5\” = lim P(X; > 2;|X; > x;) =0 for all i # j. This is

T A\Tj—>00
so-called asymptotic independent.

e Assumption 2: Assume that there exist positive constants xg and ¢y such that the inequal-
ity
P(XZ' > :L'i|Xj = :Ej) < C(]Fj(.ffi)

holds for all ¢ # j and z; A z; > xo.

e Assumption 3: Assume that the dependence between the variables can be presented by
an absolutely continuous copula C(uq,--- ,u,) and there exist positive numbers m and

M such that the copula density satisfies

m < c(u, - up) <M

for all (uq,---,uy,) € (0,1)".

It can be shown that assumption 3 is a special case of assumption 2 while assumption 2 is a
special case of assumption 1. Some related interesting discussions can be found in Geluk and

Tang (2009). The main result of Yuen and Yi’s paper is in the following theorem.
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Theorem 1.18 (Yuen and Yi, 2012). If X5, --- , X, are regularly varying random variables with
distributions Fy,--- | F,, respectively and (X7,---,X}) is an independent copy of (X1, -+, Xp)

and has independent components then

Under the assumption (i), we have

P(S,, > s)
lim inf — =~ > 1.
§—00 —
> (s

Under the assumption (ii) and if additionally P(XF + -+ X} > 8) ~ Y. Fi(s), then
=1

(2

P(Sn > 5) ~ > Fi(s).
=1

We can see that if Xy, X5, --,X,, are dependent regularly varying variables, X{, XJ,---, X
are also regularly varying. According to Theorem 1.17, since X, X3, .-, X} are independent,
n

we have: P(X}+---+X}) ~ Y Fi(s) i.e. the additional assumption of Theorem 1.18 is verified.
i=1

n.o _
We can conclude that under (ii): P(S,, > s) ~ > Fi(s).

i=1
The asymptotic results in Jessen and Mikosch (2006) or Yuen and Yi (2012) do not require any
specific dependent model but it is hard to expand these works further. In the next section, we

will introduce some studies where the dependence follows some parametric models.

Asymptotic results for the sums of regularly varying variables and Archimedean

copulas

The notion of copula was introduced in Sklar (1959)[48] to decompose an n-dimensional distribu-
tion function F into two parts, the marginal distribution functions F; and copula C, describing
the dependence part of the distribution. See A.2 for more details about copulas.

Copulas have an important property that they do not change after strictly increasing transfor-
mations of marginal variables, i.e copula of (Xi,---,X,) and copula of (g1(X1), -, gn(Xn))
are the same if all g; are strictly increasing functions. This property allows us to study marginal
distributions and dependence structure of multivariate distribution functions separately. This is
why copulas are useful in defining new measures of dependence as concordance, tail dependence
coefficient, etc...(see Appendix A.2)

Archimedean copula is a family of copulas indexed by a class of univariate functions, which

was first introduced by Nelsen (1999)[44]. Construction of an Archimedean copula is based on
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a decreasing function ®, called Archimedean generator. For bivariate case, Nelsen found the

condition for ® to be an Archimedean generator.

Theorem 1.19 (Nelsen, 1999). Let ® be a continuous, strictly decreasing function from [0, 00)
to [0,1] such that ®(0) = 1, and let @ be the inverse of ®. Let C be the function from [0,1]?
to [0,1] given by

C(u,v) =@ (P (u) + ¢ (v))
then C' is a copula if and only if ® is conver.

An n-dimensional Archimedean copula is defined by
Clur,ug, -+ up) = (7 (u1) + @ (ug) + -+ 27 (un)).

McNeil (2009)[42] studied the conditions for ® to be Archimedean generator of an n-dimensional
Archimedean copula. The details of generator of n dimensional Archimedean will be discussed

in Section 4.2.

In the fourth chapter, we are interested in simulation method to calculate the probability
P(S, > s), where X; are regularly varying and the dependence is an Archimedean copula

or the Archimedean survival copula. Mario V.Wuthrich (2003)[50] suggested that the limit

an(a, B) = g((f(?iz)) exists under the conditions that the marginal survival distribution func-
tions Fy, Fy,--- , F, are identical and satisfy F; € RV (—a); moreover, the dependence is an

Archimedean survival copula of generator ® where ® € RV (—3). Wuthrich also provided a
numerical algorithm to calculate g, (c, 3). (see Section 4.1 ). Likewise, Sun and Li (2010)[49]

studied the relation between dependence structure of Archimedean copulas and dependence

P(§'n>8)

structure of multivariate regularly varying vectors to achieve integral form for the limit ()

in the cases of Archimedean copulas and Archimedean survival copulas.

Definition 1.20. A random vector X = (X1, Xa, -+, X)) of multivariate distribution function
F(xy,x9,--- ,xy) is said to be multivariate reqularly varying if there exists a Radon measure p

(i.e. the measure is finite on compact sets), on R™/{0} such that

P(X € sA)

lim —————=u(4
s—oo P (|| X]| > s) (4)

for any compact set A € R"/{0}.
Note that if vector X is regularly varying then all the marginal distribution functions are

regularly varying with the same tail index. The Radon measure p depends on the choice of

norm ||.||. Under the assumption of multivariate regularly varying, Sun and Li introduced the
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upper tail dependent function and the upper exponent function, denoted by b*(x) and a*(x),

defined as follows

C(l—exy, - ,1—exy)

n(x) Ei%l_'_ B X (xlv 7$n) €
an(x)= > (=10, @)
1<y, ,i;<n

The authors realized the relation between the Radon measure 1 and the tail dependent functions.

Theorem 1.21 (Sun and Li, 2010). Let X = (X1, -+ ,X,) be a non-negative regularly vary-
ing random wvector with Radon measure p, copula C and continuous marginal distributions
Fi, - F,. If the marginal survival distributions are tail equivalent (i.e. Fj(s) ~ Fj(s) as
s — o0 for any i # j) and regularly varying with tail index o > 0, then the upper tail depen-
dent function and the upper exponent function b*(x) and a*(x) exist. Moreover, they satisfy the

following equations

N K ([w—l/a’m]) . K ([07 wil/a]c)
B TS Ty B (TS o)
, Alwo) B (o)) aw)

(0,1 ap(1) w0, 1) ap(1)

Through these results, the authors choose the norm ||.|| as sum-norm. If the dependence between
the variables is Archimedean copula of generator ® satisfying (1 — ®) € RVy(—f) and if the

dependence is Archimedean survival copula of generator ® satisfying ® € RV (—f), the limits
lim L(Sn>9)
S—y00 P(X1>s)
Equations 3.3, 3.4 or Section 4.1.

exist and have integral forms. For more information, see Sun and Li (2010)[49],

Numerical approximation for dependence sums

A well-known method to calculate distributions of the sum of dependence random variables is
discretization of continuous distribution functions. For example, to approximate the continuous
distribution function of vector X, the vector X’ with discrete distribution function determined
by

e Upper: P(X’ = kh) = P(X € (kh, (k+1)h]).

e Lower: P(X’ = kh) =P(X € ((k-1)h, kh]).

e Dispersion : P(X’ =kh) =P(X € ((k-1/2)h, (k+1/2) + h)).
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FIGURE 1.1: Azbenz ’s numerical method

First iteration Second iteration
S S
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where h > 0 and k = (kq, ko, -+ , k) € N™. The distribution function of sum P(S, < s = Kh)
where K € N is approximated by

S ki<K
P(X’<Kh)= > P(X’=kh).

Note that results from the upper method are always higher than true probability while those
from lower method are smaller. Generally, these approaches can be applied for any risk structure.
In the context of calculating the sum of dependent regularly varying variables, they do not work
since marginal distributions have heavy tails (due to the problem of choosing the bandwidth h)

and because it is too hard to do the calculations in high dimension.

Arbenz et al. (2009)[6] presented a new numerical method to calculate the distribution of the
sum by constructing a sequence of hyper-rectangles which the combination converges quickly
to the hyper-triangle {(x1,z2, -+ ,x,) € R" : 21 + 29+ -+ - + x5, > s}. According to Figure 1.1,
in each step, the probabilities in the gray squares are added, while the probability in the black

square is subtracted and so on.

Cossette et al. (2014)[32] used the same idea of approximating hyper-triangle by the combination
of hyper-rectangles to calculate lower bound (Figure 1.2) and upper bound (Figure 1.3) for the
probability 1 — z(s) = P(S,, < s). The authors mentioned that the computations are fast and
converge to the exact value quickly with the assumption that the joint density function exists.
Moreover, the approximation is deterministic, hence without error on the calculated values, is

an advantage over simulation techniques.

As a whole, numerical methods by Arbenz and Cossette et al. can be applied for any positive

marginal distributions, any dependence structure and any range of s. The inconvenience comes
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FI1GURE 1.2: Lower approximation of Cossette et al.
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FI1GUrE 1.3: Upper approximation of Cossette et al.
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from the calculation that takes a long time and lack precision in high dimension. Arbenz

mentioned that the method has good performances when n < 7. (see Arbenz et al. (2009)[6]).

Calculation of dependent sums using simulation

Constructing an estimator Z(s) of z(s) = P(S,, > s) under a dependent assumption is much more
difficult under the case of independence. First, it is hard to simulate a dependent vector. Second,
several classical methods are based on conditional distributions: if vector X = (X1, -+, X,,)

has the multivariate distribution function F(xi,---,x,) then the conditional distributions of
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Xi|(Xi-1,--+, X1) = (xj—1,--- ,x1) are calculated by

Fyxx,p-x (@) = P(Xi <x|(Xio1,---, X1) = (@1, -+ ,21))

i—1
0" F(.I‘l,"',xi_l,l’i,OO,"',OO)

— [fici(ziz1, -+, 21)

(s$1 s 51‘1‘71

where f;_1(x;—1, -+ ,x1) is the density of (X;_1,---,X1). The procedure of simulating X is
then:

e Simulate wy, -+ ,wy, are i.i.d. Uniform(0,1) random variables.
e Calculate 1 = F}{ (wy).

e Fori=2 3, n, calculate z; by z; = FZ‘XF“.’XI (w;).
However, almost all dependence structures do not have close forms for F)‘(_Z X1, X (w;) while
numerical calculation of these n inverse functions will take a long time or impossible to do.
In fact, dependence structures are simulated based on some special stochastic representations
rather than the classical method. Beside the difficulties of simulating dependence structure,
another problem of estimating z(s) comes from the inefficiency of estimators. As we already
discussed, when z(s) is close to 0, the relative error of crude Monte Carlo estimator is equivalent

to [z(s)]~'/? which is inefficient in rare event simulation.

There are some works relating to the calculations of tail distribution of dependent sums using
simulations. Blanchet and Rojas-Nandayapa (2011)[17] proposed a conditional Monte Carlo
estimator for z(s) = P(ef +ef + -+ ex > s) where X = (X, Xo,---,X,,) is an elliptic

vector. Note that if X is an elliptic vector, then it has the stochastic representation
X =upu+RAO i for i=1,2,---,n: X; =p; + R(A[,i],0)

where = (p1,--+ , un) € R™; R is a random variable; AAT = ¥ the covariance matrix where
A], ] is the i" row of A and © is a uniform vector on unit sphere S2 = {0y,--- , 0, : 02+ - -+62 =

1}. Blanchet defined the function G(r,6)
G(Tv 0) = Z exp(,ui + T<A[7 i]? 9>)
i=1

where 7 € R and 6 € S2. The probability P(ef +e5X + -+ eX > s) becomes P(G(R,0) > s)

which resulted in conditional Monte Carlo estimator

L(s,0) =P(G(R,0) > s|0).
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With the assumption that random variable R has density fr and survival distribution Fg satisfy

. R(
lim fIOV6>O.

and function G(.) satisfies assumptions (1),(2),(3) and (4) in 5" page in Blanchet (2011), this
estimator is logarithmically efficient. Kortschak and Hashorva (2013)[41] modified Asmussen
and Kroese’s method[10] to estimate tail distribution of the sum of log-normal variables and
resulted in an estimator with vanishing relative error. As stated in Kortschak and Hashorva
(2013) "the reason that Asmussen Kroese’s estimator has a good asymptotic behavior in the
asymptotically independent case is that heuristically when the sum is large then one element is
large and all the others behave in a normal way”. Applying this method for the asymptotically
independent structure as log-normal vector, the performance of Kortschak and Hashorva’s es-
timator is certainly better than that of Blanchet and Rojas-Nandayapa. Suppose that X is a
log-normal vector, the probability P(Zn: eXi > s) is developed by the Asmussen and Kroese’s

i=1
method:
n
n n n P(Eexi>S,X]’:Mn)
X; _ X; . i=1
P(Ze > 5) = <ZIP’(6 >s)> XZIP’(L—]) PS> 3)
=1 =1 7j=1
where M,, = max(Xy,---,X,) and L is discrete random variable taking the value j = 1,2,--- ,n
X
with probability P(L = j) = M respectively. Then, the estimator is proposed by
P(eti>s)
=1

Zmak(s) = (; P(e > )) X ;H{L=J} P(eXi > s)

n

where Z; = P(Y eXi > 5, X; = M,|N_;) with N_; = (N1, N, ,Nj_1,Nj41,--+,Ny) are
i=1

(n — 1) standard normal random variables. For each j, the matrix A which AAT = X is chosen

in such a way that the A[j, k] =0 for all k # j.

Our results

In the fourth chapter, we propose different approaches to simulate the probability z(s) = P(S,, >
s) with the assumptions that marginal distributions are regularly varying and the dependence
is an Archimedean copula or the Archimedean survival copula. The simulation has the advan-

tage that it is applicable when marginal distributions are different. Moreover, the results via
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simulation can be improved by increasing the number of replications. Our estimators are con-
structed based on the procedure of simulating a conditional Archimedean copula in Brechmann
(2013)[19] and the stochastic representation of Archimedean copulas in McNeil (2009)[42].

Brechmann et al. provided an algorithm to simulate conditional vector (X1, -, X,|X; = x;)
under the dependence structures of elliptic copulas, Archimedean copulas and vines copulas.
In this section, we are interested in the type of conditional vector as (Xi,---,X,|X; € A)
where the dependence is an Archimdean copula or the Archimedean survival copula and A is
an extreme region. As we reviewed, classical method of simulating dependent vector does not
work because the inverse functions of conditional distributions have no close forms. Brechmann
et al. introduced a procedure to simulate the vector (X, -+, X,|X; € A) using an intermediate
random variable Z distribution function of which is called Kendall distribution. If copula of
U = (Uy,---,U,) is C then Kendall distribution function is defined by Fy(t) = P(C(U) < t).
Under Archimedean copulas, the inverse of conditional distributions of U;|U;_1,--- ,U; has not

got close forms but the inverses function of conditional distributions of U;|Z,U;—1,--- ,U; do.

Archimedean copulas have a nice stochastic representation according to McNeil (2009) and it is

useful to construct our estimators. If U = (Uy,--- ,U,) is an Archimedean copula of generator
® then

(Ula T 7Un) = (CD(RWl)v T aq)(RWn))

where R is a positive random variable whose survival distribution function is calculated from

¢ and its derivatives; W = (Wy,--- ,W,) is a uniform vector on unit simplex S, = {w =
n

(w1, ,wy): >, w; =1}
i=1

Our first estimator is developed from the procedure of simulating conditional vector under
Archimedean copula of Brechmann et al. (2013). The probability P(S,, > s) is written
P(S, > s) =P(M,, > s)+P(S, > s,s/n < M, <s).

Note that the probability P(M,, > s) is determined by the marginal distributions and the copula

function (see Section 4.3). We apply Asmussen and Kroese’s method to obtain

n
P(S, > s,s/n< M, <s) = Z}P’(Sn > 8, X; = My,,s/n<X; <s)
i=1

= STPB(Xi € (s/n,s]) B(Su > 5, X; = My|s/n < X; < s).
=1
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Via this formula, we can propose the first estimator for z(s), called Zygi(s), where conditional
probability P(S,, > s, X; = M,|s/n < X; < s) is estimated by an indicator function. Because
P(X; € (s/n,s]) is determined and less than z(s) for all i and indicator functions take the value
0 or 1, we can see that the estimator Zyg1(s) has bounded relative error. Note that this formula
can be obtained for any dependence structure, this estimator can be applied for any type of
dependence with the condition that we can simulate the vector (X1, -, Xp|s/n < X; <'s) to

result in indicator functions.

Our second estimator called Zypgo(s) is obtained from the stochastic representation of
Archimedean copula of McNeil (2009)[42]. The estimation technique is similar to conditional
Monte Carlo method used by Blanchet and Rojas-Nandayapa to estimate the sum of log-elliptic
random variable. The conditional vector of our estimator is uniform vector on the unit simplex
instead of uniform vector on the unit sphere. Suppose that vectors X = (X1,---,X,,) and Y =
(Y1,---,Y,) are of the same marginal distribution functions Fj,--- , F,, while the dependence
of X is an Archimedean copula and the dependence of Y is an Archimedean survival copula,

then we have stochastic representations of X and Y

4

(X1, Xn) = (F (R(RWA)), -+, By (R(RW))).
d

(Y1, Yo) = (B (R(RW)), -+, Fy (R(RWy))).

The probability P(S,, > s, M,, < s) will be estimated conditionally on W € S,

Zpals) = B(MY > 5) + P (Z FE(@(RW) > 5, _max {F(®(RW:))} < s|W>
=1 Y

Z¥pa(s) = B(MY > 5) + P (Z FE(@(RW;) > s, max {F(O(RW))} < s|w) .

. 271727"' )TV
=1

Quality of this estimator will be discussed in details in Section 4.3

Our third estimator called Zypg3(s) is presented by mixing method of Asmussen and Kroese
combined with techniques of Conditional Monte Carlo where conditional vector is W € S,,. We

have the probability P(S,, > s, M,, < s) as follows
P(S, > s,M, <s)=P(Sp > s, My_1 < As, M, <)+ P(Sp, > s, Mp_1 > As, M, <)

for all A € (0,1/n). Asmussen and Kroese’s method has good performances when the sum
of variables is dominated by a single X; while the others have normal values. That is why
this method is efficient in estimating P(S,, > s, M,,—1 < As,M,, < s). For the second term,

P(S,, > s, Mp—1 > As, M,, < s), there are at least two variables taking large values, we estimate
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it conditionally on W and the result has a good asymptotic behavior (see Section 4.3). Although
this estimator has better numerical performances than the first and the second ones (see Section
4.4) but its quality is not verified because Asmussen and Kroese’s method is not efficient under

strong dependence or tail dependence structures.

Our fourth estimator is developed from the probability P(S,, > s, M,, < s) which is written
by

P(S, > s, M, <s)=P(S, > s,ks < M, <s)+P(S, >s, M, <ks) for ke (1/n,1).

Simulation technique here is mixed by the methods in simulating Zypg1(s) with the method
in simulating Znra(s). Indeed, the first term in the above equation is estimated similarly to

ZNRri1(8) since it can be written by
n
P(S, > s, ks < M, <s) = ZIF’(Sn >s,ks < X; <8, X;=M,)
i=1

= Z]P)(Xi € (ks, s])P(S, > s, X; = My|rs < X; < s).
i=1

And the second term is written by

1—
P(S, > s, M, < ks) =P (Sn > s, M, < ks, M, 1> Ts)
n—

which contains M,,_1 > % X s, i.e this is the situation where there are at least two variables
in the sum taking large values. Therefore, this probability can be estimated conditionally on

W and has bounded relative error.

1.3 Intermediary proofs

Verifying the series of Albrecher, Hipp and Kortschak (2010) in the case of Pareto

Suppose that a € R* /N, we calculate the sum of n i.i.d. Pareto random variables of parameter

(o, 8). With k = [a + 1], following the Theorem 1.8 in Albrecher, Hipp and Kortschak (2010)

[1]: G(s) = ar(s) + O(F(k_l)(s)) where

E2 0 E[(Xi e X
ar(s) = ai(s) +ny_(=1) f9(s) : 1+<j++1>! )

§=0
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In the case of Paretos with parameter (a, 3), we have

ai(s) =np%s ¢
f9(s) = (1) B%a(a+ 1) (a+j)s 7

. (7 +1)! afir
EBl(X;+ -+ X, )t =
[ A D DI FoT ,Ha_jr
Jitegi=g+l r=
Hence, the survival distribution G(s) can be written as
k=1 g
_ ala+1) (a +7-1) afir ,
= nf%(s s (at7)
G(s) =nB(s "+ . (jl .Hoﬁjr )
j=1 > =i

Proof of Proposition 1.12

The density function of X(,_1) is bounded by

+O(3_(a+k_1)(s)).

Xy (@) =n(n = 1) [F(2)]"*F(z) f(z) <n(n—1)F(z) f(z)
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The second moment of Z3(s) is evaluated separately over the regions X(,,_1y < s/n and X(,,_1) >

s/n. Note that when X, _1) < s/n then s — Sp,_1) V X(,_1) = s — S(—1)-

E([Z3(s)]*)
- 12 2
B F(S - 5(n71)) F(S - S(nfl)UX(nfl))
= E m s X(n-1) < S/TL) +E (! F(Xon 1) ,8/n < X(non
_ 12
F(s—Sq_
- 2
F(s/n) 7 _
< E ] Xy < s/n) +S //n n(n —1)F(x) f(z)do
. 2 F(s/n)
< [F(s/n)]’E ( FXo 1) s Xn—1) < s/n) +n(n—1) / udu
0
2
1 n31t2%(p — 1)[z(s)]?
~ n*T[z(s)]’E !F(X( ) » X(n-1) = 8/”) t : 2 e
s/n —
n(n—1 F(x x
< n2+2a[z(8)]2 % ( 5 )+ / [(sz];]g )dl‘
0

It can be seen that the last value is asymptotically upper bounded by [2(s)]?~¢ for all € > 0,

which implies that Z3(s) is a logarithmically efficient estimator.
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Chapter 2

Exact computation for the sum of

independent Pareto variables

Asymptotic expansions for the tails of the sums of random variables with regularly varying
tails are mainly derived in the case of identically distributed random variables or in the case
of random variables with the same tail index. Moreover the higher-order terms are often given
under the condition of existence of a moment of the distribution. In this paper we obtain
infinite series expansions for convolutions of Pareto distributions with non-integer tail-indices.
The Pareto random variables may have different tail-indices and different scale parameters.
We naturally found the same constants for the first terms as given in the previous asymptotic
expansions in the case of identically distributed random variables, but we are now able to give
the next additional terms. Since our series expansion is not asymptotic, it may be also used to
compute the values of quantiles of the distribution of the sum as well as other risk measures
as the Tail Value at Risk. Examples of values are provided for the sum of at least five Pareto
random variables and are compared to those determined via previous asymptotic expansions or

via simulations.

2.1 Introduction

In recent years the class of heavy-tailed distributions has been becoming more and more impor-
tant in the domain of risk management (see e.g. [10]). The distributions with regularly varying
tails are an important subclass that is traditionally used by actuaries to model catastrophic
losses in an insurance portfolio, by risk managers in banks to quantify operational risk (the risk

of losses resulting from inadequate or failed internal processes, people and systems, or external

AMS 1991 subject classification: Primary: ; Secondary:
Key words and phrases: convolutions, infinite series expansions, Pareto distributions, risk measures
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events), by economists to model the income distribution of populations... A positive random

variable X is said to have a regularly tails with index o > 0, if
P(X >z)=2"%L(z), z>0,

where L is a slowly varying function at infinity. A central example is the Pareto distribution
for which the slowly varying function is equal to a constant. Its survival distribution function

is given by

P(X > ) = (;) 2> 8,

where 3 > 0 is called the scale parameter.

The tail probabilities of the sums of independent random variables with regularly varying tails
are of primary interest for an efficient quantitative risk managment. Asymptotic expansions
for these probabilities have been mainly studied in the case of identically distributed random
variables. Albrecher, Hipp and Kortschak ([2]) provide an overview of available results on
asymptotic approximations and propose a method to get an higher-order expansion under the
assumption that the survival distribution function is smoothly varying with index « and order
m (i.e. it is eventually m-times continuously differentiable and its m!”* derivative is a regularly
varying function with index —m — «). Assume that Xi,..., X, are independent and identically
distributed random variables with a common survival distribution function F which is smoothly

varying with index o > 0 and order [«]. For m = [a] < a + 1, they prove that

mo1 (Z1)F 'R {(X1 ot Xn_1)k]

P(Xi+...+Xn>5) = nF(s)+n)y o FED () (2.1)
k=1 ’
_ ( Z ) F(s)*(1-2a)B(1—a,1—a)+o(F(s)?)

where () (s) is the j** derivative of the density probability function and B is the Beta function.

An approximation is also given when m = « + 1.

The case of the sum of not identically distributed random variables has been little studied.
Geluk, Peng and de Vries ([4]) investigate the asymptotic behavior of the tail of the convolution
of two regularly varying random variables with the same tail index and under a second order
regular variation condition. Nadarajah and Kotz ([11]) provide an asymptotic expansion of the
density function of the convolution of two Lomax distributions (essentially Pareto distributions
that have been shifted so that their support begin at zero). Their expansion is based on the
Appell function of the first kind and can not be used to get the survival distribution function in
a closed form. Both previous approaches do not seem to be easily extended to more than two

random variables. Barbe and McCormick ([4]) consider the sum of n regularly varying random
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variables with the same tail index and such that the survival distribution functions have an
asympotitic expansion in powers of s~!. They obtain a class of distributions which is stable by
convolution and give algebraic rules to compute the coefficients of the asymptotic expansion.
This expansion is however limited to the terms for which the moments of the random variables

exist.

In this paper, we decide to focus on the case of the sum of Pareto random variables. Although
the Pareto distribution is simple, the distribution of the sum of two or more independent Pareto
random variables is not less simple than the distributions of the sums of other regularly varying
random variables. In particular very few explicit analytical expressions of the convolutions are
known. In [8], Hagstroem provides exact results for the sum of two and three random variables
when o = 8 = 1. In [6], Brennan, Reed and Sollfrey derive series expansions of the probability
density functions for the case of the sum of two or three Pareto random variables with the same
scale parameter § = 1 and non-integer tail-indices. In [5], Blum obtains a series expansion of
the probability density function of the sum of n independent and identically distributed Pareto
random variables with 5 =1 and 0 < o < 2 (v # 1). More recently Ramsay provides integral
representations of the probability density functions of the sums of n independent and identically
distributed Pareto random variables for the case where 5 > 0 and (i) « is a positive integer (see
[13]) or (ii) « is not a positive integer (see [14]). A related work (Albrecher and Kortschak, [3])

also introduces an integral representation for the ruin probability with Lomax claims.

The main result of the paper (Theorem 1) provides an infinite series expansion in the case of
Pareto random variables with non-integer tail-indices X1 (a1, (1), ..., Xn(an, B,). The Pareto
random variables may have different tail-indices and different scale parameters. As a by-product
we derive the series expansion for the sum of two independent infinite Hall-Pareto random
variables. We also provide new analytical expressions for the probability survival functions of

sums of two independent Pareto random variables with integer tail-indices.

We naturally found the same constants for the first terms as given in the previous asymptotic
expansions in the case of identically distributed random variables, but we are now able to give
the next additional terms. Since our series expansion is not asymptotic, it may be also used to
compute the values of quantiles of the distribution of the sum as well as other risk measures
as the Tail Value at Risk. Examples of values are provided for the sum of at least five Pareto
random variables and are compared to those determined via previous asymptotic expansions or

via simulations.

This paper includes five additional sections. In the second section we state our main result about
the series expansions for the probability survival functions of sums of independent Pareto random
variables with non-integer tail-indices. The third section aims at presenting the method for
proving the main result and provides several important intermediary results. The next section

presents series expansions for the sum of two Pareto random variables with integer tail-indices.
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In Section 5, numerical applications are given. We first discuss the error that is made when using
a truncated series expansion and compare our approximation to the asymptotic approximation
proposed by Albrecher, Hipp and Kortschak ([2]). Then our method is used for approximating
the values of high quantiles and their corresponding Tail Value at Risk for the distribution of the
sum of at least five Pareto random variables. These values are compared to those determined
via simulations. We also give some comments on the way the probability survival functions of
the sums of Pareto random variables with integer tail-indices can be approximated by series
expansions with respective almost-integer tail-indices. All the proofs of the results of Sections

3 and 4 are gathered in the last section.

2.2 Main result

We first introduce some notation. We denote by I" the Gamma function, i.e. I'(«) = f et ldt
for « € R\Z, and by B the Beta function given by B(«a,v) = T'(a)l'(7)/T'(a + 7) for
a,yER\Z ,a+v€R\Z".

Let, for « € R\Z~ and k € N*,
1

Mo k) = 1B

and set h(a,0) =1

The family of functions (c,),,s,is defined in the following way: for (a1, az,...,a,) € (R\Z7)",
if there exit some different coefficients ji,...,jr € {1,...,n} with 1 <k < n such that Zle o,

is integer then ¢, (aq, g, ..., a,) =0, else

( )_F(l—al)...f‘(l—an)
en(ar, g, ... ap) = -5, a)

The family of functions (wy),,,is defined for ((a1, 1), ..., (an, Bn), k) € (R \N x R1)"™ x N*

by
ki+...+kn==k

a 5
wn((alvﬂl)? cees (O‘naﬁn)vk) = Z k | H OZJ_ k

ngl,...,kn<k

Let ©, = {1,2,...,n} and ©1,4,02,,...,0y, , be the [,, = 2" —2 subsets of ©,, different from &
and ©,. We denote by Qf,n = 0,\0; ,, the relative complement of ©; ,, in ©,,, and for each subset
Oim = {i1,42,...,1;} of size |©;,| = j and k € N, we define for ((ov1,51),..., (an,Bn), k) €



Chapter 2. Ezact computation for the sum of independent Pareto variables 41

(R+\N X R+)n x N*

c<@i7n) = C|@¢,n| (aipaiza e 7ai]’)
J
h(Oimk) = h|D i,k
p=1
W(Oin, k) = w,, (@i, Bi), (g, Biy)s - - -, (i, Bi), k).

We are now able to give the series expansion for the sum of n independent Pareto random
variables with non-integer tail-indices.
Theorem 2.1. If Xi(a1,01),..., Xn(an, Bn) are n independent Pareto random variables such

that aq,...,a, € RN, then, for s > 51+ ...+ By,

P(X1+...+Xn>s)

ZZ( I1 Bj‘j)c((%,n)‘ 7€ [ih in K)w(OF,,, k)sF

i=1  j€O;, k=0

(L=

Jj=1

The survival distribution function of the sum may be rewritten in the following way: for s >

/81+-~-+5n7

P(X1+ +X >S)

Z( I1 Px; >s> i Oim, k)w(65,,, k)s* +c(@n)ﬁP(Xj>s).
i=1 jEO;n, k=0 j=1

The series expansion is therefore build as the sum of products of the survival functions of the

1. This is similar (at least for the first terms) to the

X,; with series expansions in power of s~
asymptotic approximations given in Geluk, Peng and de Vries ([4]) for two positive regularly

varying random variables.

In the case of identically distributed Pareto random variables Xi(«, ), ..., X, («, 8), Theorem

2.1 provides the following series expansion: for s > npg,

P(Xi+...+X,>5)
n—1 , 0 k1o tkn_j=k i o
) ZW)WWW“ZMH 2 pp | |t
j=1 \ J (1-ja) k=0 (jo, k) 0<ky,fon_; <k kil.. . kn_
rl—a)™ _
nat \+ T &) —na
5 - na)s ’

Let us compare the terms of our expansion with those of approximation (2.1) proposed by
Albrecher, Hipp and Kortschak. We can choose m = [«| since the Pareto survival probability

function is infinitely differentiable. The first m+ 1 terms of our expansion are obtained for j = 1
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with k =0,...,m —1 and j = 2 with £ = 0. In the case of a Pareto random variable X («, (),

we have, for k=1,...,m — 1,

1=0

) = (e [H“(aﬂ)] sk s> p,

E [(X1 oot X )] = weii (@, B)s- . (@, B), ).

Simple calculations show that we get the same expansion for the first m + 1 terms. The next

terms of our expansion are obtained for j = 1 with £k =m

ki+..4kn_1=m —1
ik > I
S s
mB(a,m) k.. kp_1! st o — ky ’

0<k1,..skn—1<m

then 7 = 2 with £ = 1, and so on.

2.3 Outline of the proof of the main result and intermediary

results

The proof of Theorem 2.1 goes by induction. We first study the case of the sum of two standard
Pareto random variables (“standard” means that the scale parameter of the Pareto random
variables is equal to 1) and the case of two (non-standard) Pareto random variables. Then we
introduce the class of the Hall infinite-Pareto distribution and give a calculation rule to derive
the series expansion for the sum of two Hall infinite-Pareto random variables. The result is
then used to derive the way to build the series expansion for the sum of three (or more) Pareto
random variables. The proofs of the propositions given in this section have been postponed to

Section 2.6.

We first give another expression for the function cs. For ag,a0 € R1\N, j,l € Nand s > 1, let

l

nja(s,a1,00) =71

k=j

a3

—k
mh(al,k)s :

Note that the sequences of partial sums, 1o (s, a1, o) and 7o (s, a2, a1 ), are uniformly-convergent
sequences in s on (1,00) and therefore we may introduce, for ay,as € Ry\N, g1, 52 € Ry and

s > max(f, f2),

s(s, (a1, B1), (a2, B2)) = s+ (5?11532 — 10,00 (;2,041,042> — 10,00 (;1,O¢2,O¢1>) ~
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Proposition 2.2. For aj,as € RL\N, (1, 62 € Ry,

CQ(O‘h a2> = §(27 (alv 1)7 (an 1)) - g((ﬁl + 52)7 (ala 51)7 (042, 52))

Note moreover that, for oy, s € R4 \N and an integer k > 1,

(a1 +a2)(ar+ e +1)... (a1 +as+k—1)
al(a1+l)...(a1+k—1)

02(041 —I—k‘,OéQ) = Cg(al,OéQ),

and that if (a1 + a2) is an integer number, then ca(ay, as) = 0.
We now consider the case of the sum of two standard Pareto random variables.

Proposition 2.3. If X (a1,1), Xao(ag,1) are two independent Pareto random variables such
that a1, a0 € Ry\N, then, for s > 2,

ai+az)

P (Xl + X9 > 8) = 770700(8, aq, Oég) + 77()700(8, a2, 041) + 62(a1, ag)s*( .

We then study the case of the sum of two Pareto random variables having different scale pa-

rameters.

Proposition 2.4. If Xi(a, p1), Xo(ag, B2) are two independent Pareto random variables such

that a1, a0 € Ry\N, then, for s > (1 + B2,

P(X1+Xy>s) = B hlar,k)wi((0g,82),k)s % + 852 " b, k)wi ((ax, B1), k)s— >
k=0 k=0

B8 B2 eg ey, ag)s (@1 Ha2)

Before giving the series expansion for the sum of three independent Pareto random variables,
we study the convolution of two infinite Hall-Pareto random variables. We say that a random
variable H belongs to the class of the infinite Hall-Pareto distributions, H ~ Hall((c,i)i>1),
if there exist constants 0 < a1 < as < ..., v € R and r > 0 such that Zfil Yir~% =1 and

oo
P(H > z) = Z’yiafo‘i
i=1

is a decreasing function on (r,00). This class has the property of stability by convolution like

the class P}, introduced by Barbe and McCormick [4].

Proposition 2.5. Let Hy ~ Hall((ci1,7i1)i>1) and Hy ~ Hall((c.2,7i2)i>1) two independent

random variables. For i > 1 and j > 1, define X;(a14,71) and Yj(azj,72) as two independent
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Pareto random variables. Then, for s > r1 + 19,

o0
T V2,5

a1, Q2
177,, 2J

P(X;+Y;>5).

(o]
P(H,+Hy>s)=>»_
i 1j:1r

This result is helpful to construct the series expansion for the sum of 3 independent Pareto
variables because the sum of 2 independent Pareto variables has an infinite Hall-Pareto distri-

bution.

Proposition 2.6. If Xi(«a1,01), Xo(ag, f2) and Xs(as, f3) are three independent Pareto ran-
dom wvariables such that o, e, a3 € RL\N, then, for s > 1 + P2 + 53,

P(Xi+...+X,>5)

I3 fe’e)
B )e(©;3)s Zijeos % h(©i3, k)w(O] 3, k
> (1T %) >ou

=1 jE@i’g k=0

|+ (7)o

J=1

The end of the proof of Theorem 2.1 goes now by induction. Consider the case of the sum of
n + 1 random variables assuming that the series expansion is true for the sum of n random
variables. Then it suffices to follow the same lines as that given in the proof of Proposition 2.6
to conclude that the series expansion is also true for the sum of n + 1 random variables. In
order to shorten the paper, we do not give more details about the end of the proof, but they

are, however, available upon request.

2.4 Some series expansions in the case of integer tail-indices

It is well-known that asymptotic expansions differ when the tail indices of the regularly varying
distributions are integer (see e.g. [2]). It is easily seen that it is also the case for the Pareto
distributions since the functions w,, are not defined for some values of k if one of the tail-indices
is integer. We were not able to give a general result for the sum of n Pareto random variables
with integer tail-indices, but we provide at least new results in the case where n = 2. The

proofs of the propositions given in this section have also been postponed to Section 2.6.

We first consider the case of the sum of two standard Pareto random variables with integer
tail-indices. We define the family of functions (Q; (-)),5o on (0,1) by Qo (u) = —In(1—u)
and the recurrence relation Q;+1(u) = u@ (u) for j > 0. Note that the functions may also
be defined as series expansions, Q; (u) = > 7 ki—1u*. Moreover, for ms € N and z € R, let
P m, () =1 and, for m; € N*, let

Py mo () = (z+ma+1)...(z + m1 +ma).
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Then define the triangular array of constants (¢ m; m.) by

j:07“'7m1

m
Py mo (z) = 00,m1,me T Plmime® + oo F Py my,ma T

Proposition 2.7. If Xi(mq,1), Xo(ma,1) are two independent Pareto random variables such

that m1, mo € N*, then, for s > 2,

2
P(Xi14+X2>8) = Noma—1(s,m1,m2) + n0m,—1(s, ma, m1) +

mi1—1

B(ml,mg)

_3_(m1+m2)$ Z Pjm1—1,ma (Q] (5_1) - Qj (0'5))

— 1)
(m1 1). =0

mo—1

_3_(m1+m2)ﬁ Z Pjma—1,m; (QJ (8_1) - Qj (0'5))
=0

+ (1 = 00,me—1(2, m1,m2) — 10,my—1(2, m2,m1)) <§

s>—(m2+m1)

g~ (mitma) 1y <§>

2

It is also possible to characterize the survival distribution function of the sum of two standard

Pareto random variables with integer tail-indices in the following way.

Proposition 2.8. If Xi(m1,1), Xa(mae,1) are two independent Pareto random variables such

that my, mg € N* and mq1 > ma, then, for s > 2,

1 n 1
s(s—1)m—1 = g(s—1)m2—1
2—

mao—1

P(X)+Xo>s5) =

mi + mo — 2i)

m1+m2—1)(m1+m2—2)
T e

1=1

-
m1—2)...(m1—i)(mg—l)(m2—2)...

(mo — i)

S

—27

% ml—i 1 4 1 TTLQ—’L' 1
(s—lml t\mi+me—2i s (s—1)m2=i \my +mg—2i s
N (m14+mo—1)(m1 +ma —2)...(my —ma + 1)8_(m1+m2)f(8,m1

(m1 — 1)(m1 — 2) - (m1 — ma + 1)(777,2 — 1)!

where, for j € N,

x| A,

ST L PR N :
f(s,]+1,1)_; <1 (8_1)k>+210g(5 1).

For examples, if m; = mo = 1, we get
P(X1+Xy>5) =251 4252log(s — 1), s> 2,

if my =mg =2, we get

P(X1+Xy>5) =25 24853 —4s53/(s— 1)+ 125 *log (s — 1),

—mQ—i-l,l)
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if m; =4, mgy = 3 we get

P(X1+ Xy > s)

- i wlete G e tm ()
+%2 [(5—11)2 <§_i>+(811)<§—i>]+ig[3(1—8_11)+210g(5_1)],

We are also able to give the exact expression of the survival distribution function of the sum of

two Pareto random variables with integer tail-indices having different scale parameters.

Proposition 2.9. If X (my, 1), X2(ma, B2) are two independent Pareto random variables such
that my, mg € N*, then, for s > (1 + o,

P(X)+ X5 > s)

() s (g} () e (3 mem)
2 2 ! !

1 S
cogmpgme L —tmima) ()
by B1+ B

B(mlamQ)
_<61)O‘1 (S)_(m1+m2)mmlz_lso. . (Q'(B}S_l)_Q‘(B2/(B1+ﬁ2)))
62 52 (ml _ 1)! gt j,m1—1,mso J j
a2 —(m1+m2) mo—1
- (@ (m) ﬁ ;0 Pima—1m (@5 (B1s™) — Qj (B1/(B1 + f2)))

(-2 s () () s (252

ﬁQ 770,m2—1 /82 ) 1 2 /81 770,m1—1 Bl 9 25 1
s —(ma+my)

X<51+52> '

If m1 > mo, then

mi m2
P(Xl —|—X2 > 8) = 8(8 — ﬁQ)ml_l + 8(8 _ ﬁl)mz—l
. mi—:l (m1 +mg —1)(my1 +ma —2) ... (m1 +mg — 2i) BiB%
L (my — 1) (g — ) (my —1).. (ma—d) ¥
X e mi—i B + 5 my—i B
(s = Bo)™~t \my+mg—2i s (s = Bume=t \my+ma =20 s
+mo—1)... —may + 1 1By
N (mi+mg—1)...(m1—ma+1) B"S (s,m1 —mao +1,1; B, B2)

(m1 - 1) ... (m1 — mo + 1)(m2 — 1)' S(m1+m2)g

where, for j € N,

J ok
g(s,j—i-l,l;ﬁhﬁz):Z% <1k_(8—152)k> + log (;-1) + log <;2—1>.
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2.5 Numerical applications

Theorem 2.1 provides series expansions that are not asymptotic. They may be used to compute
the values of tail probabilities for any level s, the values of quantiles as well as other risk

measures.

In practice, the series expansion is truncated to compute the values of the tail probabilities. We
first give an asymptotic upper bound for the error due to the truntation. Then we compare our
approximations to those proposed by Albrecher, Hipp and Kortschak ([2]) for the case of the
sum of five identically distributed Pareto random variables. We have also chosen to illustrate
the interest of our approximation by considering two examples of computations of Values at Risk
and of Tail Values at Risk. In insurance risk management, they are widely used to quantify
the risk of loss on a specific portfolio. For a given portfolio, X1 + ...+ X,,, and a probability
K, VaRy is defined as the minimum threshold value such that the probability that loss on the

portfolio exceeds this value is smaller than 1 — &
VaR,(X1+4+...+ X)) =inf{z e R: P(X1+ ...+ X, >2) <1-—k},
and TVaR, is defined as the expected value of the loss given that the loss is larger than VaR,
TVaR,( X1+ ...+ X)) =E(Xi+ ...+ X, |Xa+ ...+ X, > VaR,(Xi + ...+ X)) .

In the first example we consider the sum of five and ten independent Pareto random variables
with non-integer tail-indices and in the second example the sum of five independent Hall-Pareto
random variables with non-integer tail-indices. Finally we consider the sum of ten standard
Pareto random variables with unit tail-indices and study the quality of approximation by series

expansions with almost-integer indices.

Remark 2.10. From a numerical point of view, it is also possible to consider the inversion of the

following Laplace transform
L(F,) () :/ exp(—ts) P( X1+ ...+ X, > s)ds =
0

where

E [exp (—tX;)] = a;(t6;)™ /OO u” % ey = oy (t6;) T (—ay, ;)

tBi
with I'(—a, t) the (upper) incomplete Gamma function. This function may be calculated by a

series expansion
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(see formula 6.5.29 in [1]). Thus the Laplace transform £ (F},) has a form of a product of series
expansions (see also [12]). However it is well-known that the numerical inversion of such Laplace
transforms needs multi-precision computations of several values of £ (F},) (t) (especially as the
«a; are close to integers). This multi-precision is not necessary for our method which is therefore

easier to implement in order to compute approximated values if n is not too large (say 20).

Asymptotic bound for the error of the approximation of the truncated series

expansion

Let us define a truncated series expansion by

ln

K
Fn,K(S) = Z H /3?‘]' C(@i,n) Z h(@i,m k)w(@am k)s—(Ejeem ocj+k>

i=1 \j€O;n k=0

+ | T 87 ) e@ms ).
JEOR
The absolute error between F,(s) = P (X1 + ...+ X, > s) and F,, x(s) may be bounded when

K is large in the following way.

Proposition 2.11. Let e, x(s) = |F(s) — Fux(s)|. We have, for s > B1 + ...+ B, and for
large K,

enic(s) < (L+oNY | TI 87 | 16(@in)(Oin, K + 1w (65, K +1)]
where $; 5, = Zje@)’? Bj.

Comparisons between the approximations for identically distributed random

variables

We consider the sum of five independent and identically distributed Pareto random variables
with tail-index « equal to 0.3, 0.7, 1.3 and 1.7 and scale parameter 5 equal to one. We compare
our approximation Fj x(s) (K has been chosen equal to 10 for o = 0.3,0.7 and K has been
chosen equal to 30 for « = 1.3,1.7) with the approximation proposed by Albrecher, Hipp and
Kortschak ([2]), Famk(s). € k(s) denotes the upper bound of the error due to the truncation

and A(s) is the difference between both approximations.

We see that, for low levels of s, the approximation Fap(s) may be poor, but the difference

between both approximations becomes rapidly small when s increases.
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TABLE 2.1: Comparisons of the approximations of the tail probabilities for the sum of 5 id
Pareto variables with tail index « equal to 0.3

S F57K(S) é57K(S) FAHK(S) A(S)
102 0.81869414145 3.1 x10~17  0.776658443075 4.2 x10~2
103 0.51400403322 2.7 x10728  0.5090718141648 4.9 x1073
10* 0.2858390017 1.4 x10736  (0.285237847498 6.0 x10~*
106 7.7345858 x1072 4 x107°*  7.7336592 x10~2 9.2 x10°6
10°  9.9460890 x10~3 5.2 x107%  9.9460707 x10~3 1.8 x10~8
1012 1.2554639 x10~2 6.6 x10~ 111 1.2554639 x10~3 3.6 x10~11

TABLE 2.2: Comparisons of the approximations of the tail probabilities for the sum of 5 id
Pareto variables with tail index o equal to 0.7

S F5,K(s) és k() FAHK(S) A(s)
50  0.37236442352 8.1 x107Y 0.4239059060 -5.2 x10~2
100 0.22258296637 1.9 x10~ 1! 0.2371520319 -1.5 x10~2

500 6.7665654 x1072 1.2 x10~17  6.8522166394 x10~2 -8.5 x10~*
103 4.0973532 x1072 5.1 x1072°  4.1233138 x1072  -2.6 x10~*
10*  7.9797232 x1073 1.1 x1073*  7.9848479 x10~3  -5.1 x107
105 3.1557231 x10™% 4.0 x10™°*  3.1557437 x10~*  -2.0 x107?

TABLE 2.3: Comparisons of the approximations of the tail probabilities for the sum of 5 id
Pareto variables with tail index « equal to 1.3

S F57K(S) 5571{(8) FAHK(S) A(S)

10 0.6694535572 8.1 x10~™  0.6117374149 5.8 x102
50 0.1031895699 2.6 x1022  0.0935046258 9.7 x1073
100 4.3920691 x107° 4.9 x10736 4.1762231 x10™° 2.2 x1073

TABLE 2.4: Comparisons of the approximations of the tail probabilities for the sum of 5 id
Pareto variables with tail index « equal to 1.7

S F5 Kk (s) es k() Fank(s) A(s)
10 0.4524003842 6.2 x10~1*  0.3301369271 0.12
20 7.6124077 x1072 3.4 x10723 6.2276372 x1072 1.4 x10~2
30 2.8414974 x1072 1.3 x1072% 2.5462374 x1072 2.9 x10~3

First example of computations of risk measures with our expansion formulas

We consider the sum of five independent Pareto random variables. The parameters are generated
randomly such that the tail indices are non-integers, and the scale parameters are positive (a3 =
0.563, 51 = 2.242), (g = 1.453, B = 1.456), (a3 = 3.324, B3 = 4.345), (aq = 1.655, 54 = 1.234)
and (a5 = 4.245, 85 = 0.835).

In the following tables we compare the approximated values to those determined via simulations
as well as the time needed to get the values. K gives the number of terms in the series expansion

that are used for the approximations. All the computations have been done with the free software
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R on a computer with the following characteristics: Core(TM) 2 Duo, CPU T9300 @ 2.50GHz,
772MHz 1.00 GB of RAM.

TABLE 2.5: VaR of the sum of 5 variables calculated by simulation

Number of simulations 500000 1000000 5000000 10000000

(T'ime) (5s) (7s) (28s) (Im14s)
VaRp1 13.80361 13.80991 13.81115 13.81149
VaRy5 22.73633 22.71770 22.71211 22.71277
VaRy.95 480.0961 481.5711 476.1103 479.8297
VaRy.99 8120.633 8045.054 8013.650 8026.669
VaRy 995 28711.87 27027.48 27461.51 27616.38

TABLE 2.6: VaR of the sum of 5 variables calculated by our method

K 20 30 40 50
VaRy; 13.80290 13.81327 13.81352 13.81340
(T'ime) (2s) (3s) (5s) (7s)

K 5) 10 15 20
VaRys 22.81832 22.71466 22.71460 22.71485
(T'ime) (1s) (2s) (2s) (2s)

K 2 3 4 )

(T'ime) (< 1s) (< 1s) (< 1s) (< 1s)

VaRpos 478.1181 478.4145 478.4219 478.4221
VaRyg9 8019.968 8019.987 8019.987 8019.987
VaRpggs 27419.94 27419.95 27419.95 27419.95

Table 5 provides the approximations determined via simulations and Table 6 the approximations
derived with our method. For the low and intermediate levels of probability x (k = 0.1, resp.
0.5), our method needs expansions with at least 30, resp. 10, terms to have accurate approxi-
mations (with errors less than 1072). The computations are done in less than 3 seconds. The
Monte-Carlo method needs 10% simulations and 7 seconds to have acceptables approximations.
For the high levels of probability x (k > 0.95), our method converges very quickly (only 2 or 3
terms are needed) and the time of calculation is less than 1 second, whereas the results obtained

by simulations are unstable even if 107 simulations are performed.

We now add five more independent Pareto variables with parameters (ag = 0.563, g = 2.242),
(047 = 1453,57 = 1456), (048 = 3324, Bg = 4345), (049 = 3.121,,39 = 1234) and (0410 =
4.245, B9 = 0.835).

Table 7 provides the approximations determined via simulations and Table 8 the approximations
derived with our method. Having five random variables or ten in the sum neither modifies a lot
the accuracy of the approximations nor the time of calculation for the Monte-Carlo method. Of
course our method needs more time than the previous since there are more terms to calculate,

but for the same accuracy it provides approximations at least three times faster.
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TABLE 2.7: VaR of the sum of 10 variables calculated by simulation

Number of simulations 500000 1000000 5000000 10000000

(Time) (6s) (11s) (53s) (1m48s)
VaRy.1 46.56980 46.55908 46.56425 46.56102
VaRys 67.14518 67.09037 67.15230 67.15699
VaRy.9s5 556.2743 554.6995 557.4301 560.2321
VaRg.99 8176.780 8011.923 8021.472 8249.039
VaRy.995 28520.88 26519.30 27235.69 28047.29

TABLE 2.8: VaR of the sum of 10 variables calculated by our method

K 20 25 30 35

VaRp1  46.56262 46.55977 46.56125 46.56171
(T'ime) (52s) (Im6s)  (1m24s) (1m46s)

K 14 16 18 20
VaRps 67.14200 67.14465 67.14526 67.14520
(Time) (41s) (45s) (49s) (52s)

K 2 4 6 8
VaRpos 552.3559 559.7354 559.8288 559.8295
(T'ime) (31s) (33s) (34s) (35s)

K 2 3 4 )
(T'ime) (31s) (32s) (33s) (34s)

VaRpgg 8139.306 8139.839 8139.844 8139.844
VaRog9s 27569.51 27569.67 27569.67 27569.67

Second example of computations of risk measures with our expansion formulas

We consider the sum of five independent Hall-Pareto random variables H;, i = 1,2, 3,4, 5, whose

probability survival functions are given by

P(Hy>z) = (0.71727 13 4 1.47027216% 4 0.51207 243 4 1.94457331)

P(Hy>z) = (2732077 4 1.951072™ +0.0200>577)

P(Hy>z) = (4318272182 4 3.1432725% — 1.0392~ 29 4 0.5342 73124 4 4.34324011)
P(Hy>w) = (12270720 4 6.4312727 1 1.78827%97)

P(Hs>z) = (5.24227 19 +0.4350720)

where (r; = 1.900,79 = 2.109, 73 = 2.454,r4 = 2.188,75 = 2.442). The parameters have been

generated randomly such that the expectation of each random variable exists.

By the method of simulation, it takes about 150 seconds to have a sample of size 10° for
each random variable. Hence, to obtain a sample of size 10° for the sum, it takes about 750

seconds. Following the above example, the size 10 is however not enough to have accurate
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approximations of Value at Risks with high levels of probability, and therefore a bigger sample
is needed. But the time of calculation could then be quite long: for example, it takes more than

2 hours to have a sample of size 10°.

TABLE 2.9: VaR and TVaR of the sum of 5 Hall variables

Level 10% 50% 95% 99% 99.5%

VaR  14.02788 18.15875 37.58615 70.44447 97.13317
TVaR 22.6820 27.99025 69.80856 158.8083 236.2707

By our method, following Proposition 2.5, to obtain the distribution of (H1+ Ho+ Hs+ Hy+ Hs),
we have to calculate 4 x 3 x5 x 3 x 2 = 360 times the distribution of sum of 5 independent Pareto
variables, which takes 1934 seconds (32.5 minutes) for the low levels of probability (K = 50).
For the high levels, the time of calculation is about 5 minutes. We also derive approximations
for the Tail Value at Risks of the sum, whereas the method of simulation can not give any

acceptable result for the Tail Values at Risk in general.

Approximations of the tail probabilities for the sums of Pareto random vari-

ables with integer tail-indices

We finally discuss how the probability survival functions of the sums of Pareto random variables
with integer tail-indices can be approximated by series expansions with respective almost-integer

indices.

First recall that, if X1,...,X,, and Y7,...,Y,, are independent positive random variables such
that P(X; <z) < P(Y; <z)fori=1,...,n and for any x > 0, then P(X; + ...+ X,, < z) <
PYi+...4Y, <z) for any x > 0.

Let Z C ©,, and assume that, for j € Z, a; € N*. Let ¢ > 0 and define, for all i € Z, Yf (resp.
Y.") as a random variable with the same distribution as X;(«; +¢, 5;) (resp. X;(o; —¢, 5;)) and

2

independent of the other random variables. We then derive the following bounds

n
P(ZYi++ZXZ->s>gP(ZXi>s>§P<ZYZ-+2Xi>s). (2.3)

i€z iege i=1 i€E i€Ee
Note that, if € is very small, multi-precision may be required in practice to compute the constants
c(0; ) and w(O; p, k).

In this last example, we consider the sum of ten standard Pareto random variables with unit
tail indices. We approximate the values of the survival probabilities by using Equation (2.3)
with ¢ = 10710 and give the values of the bounds of the errors given by Equation (2.2) for these

approximations and for several values of K (see Table 6).
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TABLE 2.10: Numerical lower and upper bounds for F'(s)

s=11 F ( Lower bound ) Fj ( Upper bound )
K =130 0.999973048452137 1.000094202688167
error 0.000053902537869 0.008771801784979
K =140 0.999999956830654  0.999999962600813
error 0.000000005922260 0.000001131249689
K =150 0.999999948351894  0.999999948353228
error 0.000000000003187  0.000000032479338
K =160 0.999999948348678 0.999999948348680
error 5.92 % 10716 0.000000000000014
K =200 0.999999948348677  0.999999948348677
error 4.05 % 1027 1.3x10~%
s =50 Fy (Lower bound ) Fg ( Upper bound )
K =50 -57864569 76040232
error 1077334999 3325809546
K=60 0.381768396092029 0.381771899873744
error 0.000038914282494  0.000072936507305
K=70 0.381770141115882 0.381770141333152
error 8.09 x 10~ 19 1.85 % 10718
K=80 0.381770141115882 0.381770141333152
error 5.94 % 10732 2.01 % 10731
s = 1000 Fj ( Lower bound ) Fj ( Upper bound )
K =30 0.110878105067172 0.110883997759744
error 77.1462491867784 78.7702652831532
K =40 0.010649942642845 0.010649942657699
error 7.32% 10728 7.57 %1028
K =50 0.010649942642845 0.010649942657699
error 1.33 % 10756 2.20 % 10~%6

For the small value of s (s = 11), the error converges slowly to zero as K increases: K must

be chosen at least equal to 160 to have good approximations of the upper bound and the lower

bounds. The probability Fig(11) is calculated with an error smaller than 10~!% when K = 200.

For larger values of s, the upper bounds and the lower bounds of Fio(s) (s = 50 and s = 1000)

may be calculated by using smaller values of K because the errors decrease very fast as s

increases.

2.6 Intermediary proofs

Proof of Proposition 2.2

For ay, s € R4\N, let

d(s,an,0) = s

altasg

N0,00($, 2, a1).

(2.4)
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We first want to prove that ¢((81 + 32), (a1, 81), (2, 82)) does not depend on (81, 32). We have

o1 ta2
g((ﬁl + /BQ)a (alvﬂl)a (a27/82)) = (IBI i IBQ) -9 <l81 + l827a17a2> -9 (61 i 627a27a1> .

B B3 [ B
Let
A(z) = za1+a2(z —1)7* —6(z,01,0) — 0 <Zi1’ Qas, a2>
such that
_|_
S((B1 + B2), (a1, B1), (a2, B2)) = A (ﬂl 6252) .
Since
1
8825(27 ap,a0) = ozt <1 + %zil + ()Q(a;ﬁ)zQ +.. )
= a2z N1 — 2772 = gl 1) To2
we have
Al(z) = (a4 ag)zMT2 (7 —1)792 — qy(z — 1) (2t geatee _ o paatee—l, q)=az
+a22a1+o¢2—1(2 _ 1)—(a2+1)
=0

for every z > 1. It means that A(z) is constant for every z > 1. Hence we have

A </31 + o

) = A(2) = 2a1+a2 — (5(2, aq, 062) — (5(2,041,042).
2

and the result follows.
Note that for aq,as € Ry \N

042(012 + 1) a1

5(2 = 90 yola—lg, 4 o=
(2,a1,02) * R 2 a2
= guter 4 225000y — Lag + 1),
011—1
and then
1 2
B2 000 +1) = 291 20 D(gy 4 1) gy (02t D22 o
Ozl—l 21 041—2

«a
= 0(2,0q,2) + !
a1 —

1 5(2,&1 —1,a9 + 1)

_ N 50 0 ag) — lgmitaz, (2.5)
(%) (6]
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We now want to prove that

Cg(al, CMQ) = F(;‘(_l flc)yrl‘(_l ;2?2) = (011 + a9 — 1) B (1 — q, 1-— 042)

= 2a1+a2 — 5(2,0&1,0&2) — 5(2,&2,&1).

Let us begin with the case 0 < a1 < 1 and 0 < ap < 1. We have

1 1/2 1/2
B(l-—a;,1—a9) = / N1l —z) ®dx = / =M1 —z) “dx +/ (1 —z)" “dx
0 0 0

1/2 - 1/2 -
— / 27 h(ag, k)aFda + / 27 (o, k)t da
o 2011717](3 0 2&2717]6
= [ S h(ag, k) h(an, k) ——
k=0 k=0
<5(2,a1 *1,0&2) 5(2,0&21,0&1))
- _ + .
a; —1 ag — 1
Therefore, we have
02(041,042) = (041 + ao — 1) B (1 —a,1— Oég)
6(2 —1 0(2 -1
_ —(()é1+042—1) (7a1 7a2)+ (,052 7a1)
a; —1 ag —1
2 _ 20t1+a2*1 92 _ 2a1+a271
_ —(a1+()é2—1) (5(,(11,0[2) +5( ,OéQ,Oél)
o] +ag—1 ol +ag—1

= Qaitaz _ 0(2,a1,2) — (2, ag, 7).
For a, g € R4\N, let us now define
d(a1,ag) = 2972 — §(2 a1, a3) — §(2, a0, 1) = (2, (a1, 1), (ag, 1))
We deduce by (2.5) that

dlar +1,a2) = gitaztl _ 02,01 + 1, 0) — (2, 2,01 + 1)
= —%5(2,041,0424—1)—5(2,@2,a1+1)
(03]

_ <a1 + 0425(2’(11’&2) _ 0412a1+a2> ot (6(2,a2,a1) + 0422a1+a2>

- o s aq ]
_ M (2a1+a2 _ 5(2’ al’ az) — 6(2, a27 al))
aq
o1 + 9
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Since this property is also shared by

T(1 - a)l(l — as)
F(l — ] — 042)

02(011, OQ) =

we conclude that ca(a, a2) = d(aq, ag) for ag, ap € Ry\N.

Proof of Proposition 2.3

We have, for s > 2,

P(X1+X2>S) = P(X1>S—1)—{—P(X1<S—1,X1—|—X2>S)

s—1
= P(X;1>s-1) +/ alx_(m“)(s — ) “dx
: 1—s~1
= P(X;>s—1)4aps (ata) / w1 —w) "2 du. (2.6)
S—l
Let

—1

1—s—1
o(s) = / d @ (] gy 5o

Such an integral does not have an explicit expression in general, but it can be written as a series

expansion of power of s~!. The function g is differentiable for every s > 2 and

gs) = 5 (=177 1/5)72) + 5 ((1/s) D - 1/5))

52
= gataz—l <(s — 1)*(°‘1+1) + (s — 1)70‘2> .

Since (s — 1)~? can be developed as a series expansion of s~ for # > 0 in the following way

= 1
—1)"% = Lt —(6+k) 1
(S ) ;) k:B(H, k_)s Y S > Y

we deduce that

> 1 > 1
/ _ (a1+a2—1) —(a14+1+k) —(aa+k)
9(s) s <k§0 kB(a1 + L k) * kzzo kB(an, k)" )

_ <S<a11> +ags@? | 042(0‘22'“)8@3) L > N

n (S(a22) + (an +1)s@278) 4 (o1 + 1)('CY1 +2) (004 | > .
2!
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With the assumption that a; and g are not integers, we derive that

s¢1 g1 ag(ag + 1) 012
g(S) = <O[1+a20411 ol 01172—’_'”
g2l 59272 (o + 1)(ag +2) 52273
1
+<042—1+(a1+ )042—2+ 2' Ck2—3+ +’YO

where g is a constant which only depends on a; and as and is determined by the condition
that g(2) = 0.

Replacing g in Equation (2.6), we have

P(X14+Xy>s) = (s—1)"% +ags (1F02)g(s)
ey 02 01 s, 02 oD s
(S +a2—11!8 +0<2—2 2! ’ T
—an 1 Q2 _(ay41) X 042(042 + 1) —(a2+2)
+<8 +a1—1118 ap —2 2! ’ T

+02(041,042)s_(0‘1+°‘2)

= 10,00(S, 1, 22) + 1M0.0o (S, 2, 1) + 21, 042)8_(a1+a2)

where co(aq, ag) = a1y does not depend on s and is such that
10,00(2, 1, @2) + 10,00(2, a2, 1) + ca(ar, ag)2”(@1F02) = 1

since P(X; + X9 > 2) = 1.

Proof of Proposition 2.4

We can write that

P(X1+X2>S) = P(Xl>8—62)+P(X1<S—52,X1—|-X2>8)

s—P2
= [y (s—P2) M + / alﬁflx_(a1+1)532 (s —x) “dx (2.7)
1

s—P2
= P(Xl > 85— /82) + 5flﬂ§2als_(a1+°‘2)/ u—(aﬁ-l)(l _ u)_a2du.
1
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Similarly to the proof of Proposition 2.3, we derive the series expansion of the probability

survival function

P(Xl + X9 > 8) = ?1 <5_a1 + al 528 (a1+1) +.. ) +

e (e

)

_ Bal 042 — al+a2) <5 </8 O[Q,O[l) + (5 (IB Oél,OéQ) +’71>
2 1

where ~; is a constant which does not depend on s, and ¢ is the function defined in Equation
(2.4). Since P(X; + X2 > (1 + f2) = 1, we have

518 (az+1) +> +

_ (Bt Bp)uted) 5 (51 + B2 o al) <ﬂ1 + B2 o a2>
e oo o)

By Proposition 2.2, we deduce that y; = ca(ay, ag).

Proof of Proposition 2.5

The survival probability distribution function of the sum of H; and Hs may be written as

P(Hy + Hy>s) = P(H1 >s—rg)+ P(H; < (s—rz),Hl + Hy > s)
S—7rg oo
- 271 i(s —r2) ™" +/ Z’Yl,ial,iff(al’ﬁl) > yai(s — x) *%dw
i=1 i=1
iy
= Sontom e 3 S [ e o2y
i=1 j=1

Since » 22, Y75 37 =1, we have by Equation (2.7)

S—T2

S 00
_ —a 72,5 —(ay.i+1 o
P(Hi+Hy>s) = E :’Vlz § — 1) 72, + E V1,i72,5 / ap iz it (s — g)T02idy
=1 7=1 i,j=1 b
o) §—T2
Y1, 72,5 o ar, o1 —(a,5+1) —Q9
= aisany |71 (8- o) M 4y aq g T (s — )T 2idr
= 7'1 9
3,0=1

1

T, V2,
ZZ alj aj]P (Xi+Y; > 5).



Chapter 2. Ezact computation for the sum of independent Pareto variables 59

Proof of Proposition 2.6

From Proposition 2.4, we have

P(X14+Xy>s) = > Ay (B4 B)" 7 s7 M) 4y "Ny (81 + B)2H s (2H)
J=0 j=0

3 (81 + ﬁQ)oq-i-aQ s (01taz)

where

B (o, j)wr ((az, B2), 5)

( .

A\ = . ; > 1,
v (B + B2)™H ‘7

B52h(a, j)wi((a1, B1), ) -
Ao — : : > 1,
" (B + B2)™H ‘7
s ?153262(041,042)'

(51+B2)a1+a2

Let Y1 j(aq+74, B1+B2), Yo j(cq+7, b1+ P2), Y3(a1 + 2, B1 + f2) be independent Pareto random

variables, independent of X3. We have

(o ¢] (o)
P(X1+Xy>s) =Y MiP(Yi;>s)+ Y AP (Ya;>s)+ AP (Vs> 5).
=0 j=0

Using again Proposition 2.4, we deduce that

P(Yij+Xs>s) = (Bi+8)"" Y hlon + 4, k)wi((as, Bs), k)s~ (@1 H7HF)
k=0

+653> " h(as, k)ywi((on + 4, 1 + B2), k)s~ (@ H)
k=0

+ (81 + B2) M BS3ca(n + 4, ag)s™(@atitas)
and
P(Yoj+Xs>s) = (Bu+B)™7 Y hlaz+j,kywi((as, B5), k)s (@270

k=0

+ﬂ§3 Zh(a?n k)'wl((ag + 7, 61+ /32)7 k)sf(angk)
k=0

+(B1 + B2)"2 1 BgPeaan + j, cug)s™ (02T s)
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and

P (Y3 + X3 > S) = (51 + B a1+a2 Zh a1 + oo, k wl((ag,ﬁg),k)s_(al+&2+k)
k=0

+B§3 Z h(a?}; k)'ll}l((al + 0[2’51 4 BQ), k)s_(aif""k)
k=0

+(B1+ B2) 2 B ea(an + ag, ag)s™ (1 F2TAs),
By Proposition 2.5, we have that

P(X1+X2+X3>s)

- ZZ)\LJ (B1 + B2)*** h(en + j, k)wi((as, Bs), k)s~ (@1 F)
=0 k=0

+ Xaj (B1 + B2)** ™ has + j, k)wi ((as, Bs), k)s~ (@2 TH)
=0 k=0

+85° Y hlas, k) (Agwn((n + az, B + Ba). k)
k=0

o0

~|—Z>\1]w1 a1+, f1 + B2), +Z>\2]w1 ag + 7, b1+ B2), )) —(a3+k)
Jj=0 j=0

+A3 (B + B2)* Z h(ay + oo, k)wi ((ag, B3), k)s~(@1te2th)
k=0

o
) Mg (Br A+ B2) ™ B ea(an + iy a)s (4 TesT)
=0

oo

+ Z Aoj (B1+ B2)*2 M B3 calag + 4, ag)s (@2 teats)
i=0

A3 (81 + B2)™ T BB ea(an + g, ag) s~ (102 8),

Then note that

oo o0

D A (B4 B er(on + k(e + 4, kywi((as, Bs), k)s~ (@)
=0 k=0

.

00 l
Do Do Mg (B ) (a1+j)h(oq+j,lj)wl((ag,ﬁg),zg')) s (@t

=0 \j=0
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and that

l

> Ay (Br 4 B2) Y clan + j)h(en + 4,1 — j)wi((as, Bs), 1 — )
=0

_ Zl: c(ar)h(aq, jwi((az, B2), ) (By + Bo)1 (1t )lar+j+1) ... (aa+1-1) azfy?

=0 (B1 + B2) (- ) az— 1+
! . ; . . i
_ g ar(far+1)...(ar+7—1) 2B (a1 +j)lar+j+1)...(1 +1-1) agﬁé J
s ! s = j (=) ag =1+
} . L
« ) a26% 043,63 J
= [y h(aq,l . . . -
T )jz:%ﬂ(l—])!arj az — 1+
Moreover
A3 (B1 + B2) 172 B3 o + ag, ag)
By B2 (o, a o
- (1ﬁ1 -|2- /32()al1+a22) (B1 + B2)™ T B5Pes(an + a2, a3)
= [1552B5 % ca(an, ag)ca(an + g, a3)
and
(e} « . azc (6% 7a o 164
X (81 + B2 2 (o +ag) = DLPEAON02) g 4 grarian (4 4 gy)

(B1 + Ba)¥1 12

= BB5%ca(a, ag)c(an + a2)

= 5?153202(041,042).
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By symmetry with respect to (a1, 81), (a2, 82) and (as, 83), we deduce that

0o l j -3
I 0425% OZSng — l
P(X|+Xo4 X3>5) = Mol : : : | (D)
(X1 + X2+ X3 > 5) ;051 (en )(Z]!(lj)!a21a31+] ’

I Bl By g (as+])
M=) —jar—1+7j

=0
00 l j l—j
l! 0415{ a3ﬂ3 J _ l
+E 2 h(a,l E g~ (a2tl)
12062 (o )( =)l —jaz—1+j

+AP A5 a0, ) Z h(on + as, k)wi (a3, f3), k)s~ (@1 Fezth)
k=0

B B53ca(on, a8) Y hlan + g, k)wi (o2, B), k)s~ (@1 Hesth)
k=0

+852 B a0, 03) Y bl + ag, k)wi ((ax, Br), k)s~(@2F0ath)
k=0

31 832 853 co ey, ) (1 + g, ug) s~ (12 Fe3),

It suffices to note that c3(aq, ag, ag) = ca(aq, ag)ca(ag + ag, a3) and

. I—
0425% a353J
!az—jag—l-i-j,

l
wa((a2, B2), (a3, £3),1) = jgo 70 li 7
to have

P(X1+Xo+X3>s) = Zh a1, k)wa((az, B2), (a3, B3), k)s~ (0 +k)
k=0
Zh (ag, k)wa((a1, B1), (s, B3),k)s™ (a2+k)
+05° Z h(as, k)ws((on, B1), (az, B), k)s—(@3Fk)
k=0

+B71 B2 ca(au, 2) Zh (01 + ag, k)wi ((as, Bs), k)s~ (@102 th)
k=0

B B53ea(on, a8) Y hlar + as, k)wi (o, B), k)s~ (@1 Testh)
k=0

+B52 853 ca( 2, a8) Y hlaz + g, k)wi (o, Br), k)s~ (02 Festh)
k=0

+5?1 ,8;‘2 ﬁ§43 cs(ar, asg, a3>8—(a1+a2+a3)'
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Proof of Proposition 2.7

Let Xi(a1,1), Xo(ag,1) be two independent Pareto random variables such that
ap € (mp —1,mp +1)\{mi},as € (ma2—1,ma+ 1) \{ma}. By Proposition 2.3, we have, for
§ > 2,

P(X,+ X5 > s)

ma—1 mi—1
_ 22 (%) 1 Sf(alJrk) + 12 (675] 1 87(a2+k)
=0 (042 — k) kB(al, k) =0 (a1 — k) kB(OéQ, k)
@2 1 —(a14m2) _ 9—(ai4+ms) (3 —(o1taz)
* (g —ma) maB(a, m2) <8 2 (2)
X L (a2 th) _ g—(azth) ()71
T o1 — F) FB(as k) (S 2 (3)
N @2 1 —(a1+k) - jad! 1 —(az+k)
+ s T 4 sTla2
k:%;ﬂ (g — k) kB(aq, k) k:%;ﬂ (aq — k) kB(az, k)
k:;ﬁmz k?éml
@2 1 —(a1+k) aq 1 —(a2+k) s\ —(a1+az)
+ 1— 2\ — 272 = .
’;0 (g — k) kB(aq, k) kZ>0 (a1 — k) kB(ae, k) (2)

We let o1 tend to mq and o tend to msy. We first have

mao—1 mo—1

a L (arth) ma L —tmtk) _
kzzo (a2 — &) kB(a1, k) - kzzo (m2 — k) kB(my, k) = Mma=1(5,m1, m2)

and

Qg 1 (aatma) _ o—(ar+mg) ((8)T(e1Fa2) L —(mi+ma) 1, (8
-9 1 2 2 1 2) ] =z
(042—m2) mQB(al,mg) (8 (2) - B(ml,mg)s n<2)
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Then
@ 1 (k)
[R— (042 — k‘) k‘B(Oél, k‘)
- ma 1 —(m1+k)
o ZH (ma — k) kB(m1, k)
=mso
[e.e]
= M lmm) 37 L (it k=D my)
(m1 — 1)! o, (k= mg) k!
_ M2 mydms) N 1 ( —(k—m2)
= ———5 —(k+1)...(my + k—1)s
(m1 — 1)! k:mZQJrl (]f — mg)
= R matma) f: (k=) + ma 4 1) (k4 my — )52
(m1 — 1). PR (k — mg)
- _ g~ (mitma Vimi—1 ki—lg=k
_ | J,m1 ,m2
(ma = 1)t =0 k=1
The result follows.
Proof of Proposition 2.8
Let -y
f(s,m1,mg) = / u (1 — u)” ™ du, s> 2.
1/s

Since 1 = u + (1 — u), we have

f(s,m1,m2) = f(s,m1 —1,ma) + f(s,m1,ma —1).

Note that

/s
1-1/s
—(m1—-1) - 1-1/s
= Y (1 —u)~(m2=1) T2 1/ w1 — ) T2 dy
—(m1 — 1) 1/s my — 1 1/s
1 Mo —
— (m1+m2—2) 1 —(mg—l) _ 1 —(ml_l) 2 _ 1
e (s = 1) (s = )70 ] 4 22 sy — 1)
and thus
1 mi 4+ mag — 2

— (m1+m2—2) _ —(mg—l) _ _ —(ml—l) _
f(s,my, mg) p— 78 [(5 1) (s—1) }—|— 1 f(s,m1—1,mz).
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On the one hand, we have from Equation (2.6)
P(X14 Xo>58)=(s—1)™™ +mys” ™2 f(s my + 1, my)

and therefore

1 1 mi+mg —1
s(s —1)m—1 * s(s —1)ma—1 sgmitma

P(X1+ Xy >s) = f(s,mq, ma).
On the other hand, f(s,m1, m2) can be calculated recursively as follows: f(s, my, mg) is written

as a function of f(s,m; — 1,m2), and f(s,m; — 1,ma) as a function of f(s,m; —1,mg — 1):

mi +mg — 2
(my —1)(mg — 1)

1 mp —1 1 1 mg — 1 1
X —— )+ — -
(s—1)m=1\mg+mg—2 s (s—1)m2=1 \my+mg—2 s

(m1 =+ mo — 2)(m1 —+ mo — 3)

i (mp —1)(mg — 1) f(s,m1 —1,mg —1).

mi+mo—2

f(s,m1,mg) =

If m1 > mo, we finally derive that

PXi+Xo>s) = s(s — 1)m1_1 + s(s — 1)7712—1
mo—1 .
(m1 4+ mg —1)(my +mg —2)...(my +mag — 2i) 9
+ z; (ml—l)(ml—2)...(m1—z)(mQ—1)(m2—2)...(m2—i)5

X

m1—i 1 4 1 m2—i 1
(s—lml i\mp+me—2i s (s—1)m2=t \my+mg—2i s
(

ml—i—mg—1)(m1+m2—2)...(m1—m2+1)

—(mi+maz) _
(my — 1) (m1 —2) .. (m1 —ma + D(ma — 1)1 ° flsimi = me +1,1)

where it is easely seen that, for j € N,

J sk
f(s,j—i—l,l)zzk<1—(811)k>+210g(s—1).

k=1
Proof of Proposition 2.9

The proof follows the same lines as those of proofs of Proposition 2.7 and Proposition 2.8. In

order to shorten the paper, the proof is not given here but it is, however, available upon request.

Proof of Proposition 2.11

For the proof of Proposition 2.11, we shall use the following proposition.
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Proposition 2.12. Let (ag)>q and (bg)r>0 two sequences of real numbers satisfying (i) limy— oo |ax|
= 00 and limg_, |bg| = 00, (11) limy_so0 ax/ag—1 = @ and limy_, o by /bp—1 = 5 where a > 0,3 >
Oanda+ B> 1. If S, = Zi:o Ckaibk,i, then limg_, 00 Sk/Sk—1 = (a + B).

Proof: Since « > 0 and § > 0, (ak)kzo and (by)r>0 do not change sign for large k. We can assume
that both sequences are positive from ky > 0 without loss of generality. Following Cauchy’s
criterion, the convergences limy o ar/ap—1 = a and limyg_,o by /br—1 = [ are equivalent to
limkﬁoo(ak)l/k =« and limkﬁoo(bk)l/k = (. Hence, for some positive ¢ < (o + 8 — 1)/2, there
exits ky > ko such that, for k > k;, we have: (a—¢e)* < aj, < (a+¢)F and (B—e)* < by, < (B+¢)F.

For k > 2k, we can write

k‘1 1 k— k'l
Sk = Z Chaibe—; + Z Clabp—i+ Y Chaiby_;
i=k—k1+1 i=k1
ky—1 ky—1 k—k1
= Z Clabi—i + Z Cibiag—i+ Y Chaiby;
i=k1
> Z C [( (o — &) Vbp—i + (b; — (B — &) Nag—i] + ZC’,@(CM —e){(B —e)k Tt
=0
kl 1

= ZCk —(a—e))bpi+ (bi — (B—e))ap—i] + (a+ B — 2¢)*

Let M = max;j—q. kg {laj — (o —&)7|,|b; — (B —¢€)?|}. We have

k1—1

Sk > (a+ B —2e)F — MEM Z [(a +e)"t 4 (B+ 8)’“’1} .

i=0
On the other hand, since (a4 8 — 2¢) > 1, we have
1 ki—1
lm ——— [k [ k—i k;—z} —0.
koo (a+ B — 20)F ( ; e
Therefore for any positive v < 1, we have, for large k, Sy > (1 —v)(a + 8 — 2¢)F.

Similarly, we can derive, for large k, that S, < (1+7)(a+B+2¢)*. Since £ and v have arbitrary

1/k

positive values, we deduce that limg_,oo S k/ = (a+ ). By Cauchy’s criterion, this is equivalent

to
Sk
lim —— =
o (a+B),
which ends the proof.
We can assume without loss of generality that, for ¢ = 1,...,n, 8; > 1. Otherwise, if there

exists some f3; < 1, we consider the probability survival function at s/ min;—; __,{f8;} instead of
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s, which is equivalent to divide all the constants 8; by min;—y,__,{f;}.
We now prove by induction that
. w( zn7
lim ———————— Bi 2.8
k—o0 w(@z n, 26%;,1 v ( )
If |©;n =1, eg. ©;, ={j}, then we have
Oin, k —(k—1) BF
lim w( 2,1 ) — lim a] ( ) ’8 B‘]
k—oco w(@i’n, kE—1) koo aj —k ﬂk 1
Assuming that the convergence (2.8) is true with |©;,| = j. Let, for i;41 € 0,\0;p, @(JH)

©in U {ij+1}. From the recursive algorithm for calculating the function w, we derive that

j - Qi 154.
w(@gfrjl), k) = Z C}CMU)(@Z,M k).

e

By using the previous proposition with

Z ﬁ’[
ap = R ij’ o = BijJrl? b = w(@i:n’k)’ p= Z 'Bj’
Oézj+1 - §€Bin
we can deduce that
(U+1)
lim —— " =2 ftbn= 3 A
koo w(©U Y k—1) L5t ey,

Then, since
h(®in, k)
lim

e
koo h(Ojm,k— 1)

we derive that the coefficients of the power series expansion satisfy

h(@m,k)w(@fn,
li = Sin.
e Dw(er k1)~ 2 B

,m? jE@c
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Thus for large K, we have

ex(s) =

S

In v B o A N2
(14 0(1) |3 TT B2 c(@0)h(O4, K + 1)w(Of, K +1)s~ rcein ) <1+ Py () +>

i=1j€0;

ln

<@+ [ I 87 | 1e(©in)h(Oin, K + 1)u(

i=1 \j€Oin

ef¢

wns

K+ 1)} S*(Zjeei,n OéjJrK)(S . Si,n)_l-



Bibliography

1]

2]

Abramowitz, M.; Stegun, I.LA. Handbook of Mathematical Functions. National Bureau of
Standards. Applied Mathematics Series - 55, 1972.

Albrecher, H.; Hipp; C.; Kortschak, D. Higher-order expansions for compound distributions
and ruin probabilities with subexponential claims. Scandinavian Actuarial Journal 2010,
110, 105-135.

Albrecher, H.; Kortschak, D. On ruin probability and aggregate claim representations for

Pareto claim size distributions. Insurance: Mathematics and Economics 2009, 45, 362—-373.

Barbe, P.; McCormick, W.P. Asymptotic expansions of convolutions of regularly varying
distributions. J. Aust. Math. Soc. 2005, 78, 339-371.

Blum, M. On the sums of independently distributed Pareto variates. STAM J. Appl. Math.
1970, 19, 191-198.

Brennan, L.E.; Reed, 1.S.; Sollfrey, W. A comparison of average likelihood and maximum
likelihood ratio tests for detecting radar targets of unknown Doppler frequency. IEEE Trans.
Info. Theor. IT 1968, 4, 104-110.

Geluk, J.L.; Peng, L.; de Vries, C.G. Convolutions of heavy-tailed random variables and
applications to portfolio diversification and MA(1) time series. Adv. in Appl. Probab. 2000,
32(4):1011-1026.

Hagstroem, K.G. Remarks on Pareto distributions. Skandinavisk Aktuarietdskrift 1960, 1,
59-71.

Hall, P.; Welsh, A. Adaptive estimates of parameters of regular variation. The Annals of
Statistics 1985, 13, 331-341.

McNeil, A.J.; Frey, R.; Embrechts, P. Quantitative Risk Management: Concepts, Tech-

niques, and Tools. Princeton Series in Finance, 2005.

Nadarajah, S.; Kotz, S. The generalized Pareto sum. Hydrological Processes 2008, 22,
288-294.

69



Chapter 2. Ezact computation for the sum of independent Pareto variables 70

[12] Nadarajah, S.; Pogany, T.K. On the sum of independent generalized Pareto random vari-
ables. Working paper.

[13] Ramsay, C. The distribution of sums of certain i.i.d. Pareto variates. Communications in
Statistics-Theory and Methods 2006, 35, 395-405.

[14] Ramsay, C. The distribution of sums of i.i.d. Pareto random variables with arbitrary shape

parameter. Communications in Statistics-Theory and Methods 2008, 37, 2177-2184.



Chapter 3

The sums of i.i.d. regularly varying

random variables and simulation

This paper is concerned with the efficient simulation of P (S,, > s) in situations where s is large
and S, is the sum of n i.i.d. heavy-tailed random variables Xi,...,X,,. The most efficient
and simplest estimators introduced in the rare event simulation literature are those proposed
by Asmussen and Kroese (2006) and Asmussen and Kortschak (2012). Although the main
techniques for facing the rare event problem are importance sampling and splitting, the estima-
tors of Asmussen, Kortschak and Kroese combine exchangeability arguments with conditional
Monte-Carlo to construct estimators whose relative errors go to 0 as s — oo. In this paper,
we decompose P (S, > s) as the sum of P(M,, > s) and P(S,, > s, M, < s) as proposed by
Juneja (2007) because P(M,, > s) is known in closed form and is asymptotically equivalent to
P (S, > s). We construct new efficient estimators of P(S,, > s, M,, < s) by splitting up it again
and then by using the same type of reliable methods as in Asmussen and Kroese (2006). We
show that these new estimators have smaller relative errors than the estimators of Asmussen,
Kortschak and Kroese. The conclusion of the numerical study is that our estimators compare

extremely favorably with previous ones.

3.1 Introduction

In a probabilistic model, a rare event is an event with a very small probability of occurrence
(typically between 1076 and 107!° or less). Rare events are of particular practical interest when
dealing with systems where the rare event is a catastrophic failure with possible important
human or monetary losses. Typical examples are given by failures in a public transport system

or in a nuclear power plant, failures of information processing systems or telecommunication

71



Chapter 3. The sums of i.i.d. regularly varying random variables and simulation 72

networks, ruins of a large number of insurance companies or banks,... Therefore it is a critical

issue to be able to evaluate the probability of these rare events.

In many cases, the mathematical models are often too complicated to be solved by analytical or
numerical methods. Soft computing models and techniques are often used for complex systems
that remain intractable to conventional mathematical and analytical methods. Among others
we can quote artificial neural network models, image processing techniques, data-driven models
coupled with data-preprocessing techniques, classifier ensemble methods, artificial neural net-
work simulation methods (see e.g. for real applications: Cheng et al. (2005), Chau (2007),
Huang and Chau (2008), Wu et al. (2009), Zhang and Chau (2009), Taormina et al. (2012)).

The simulation of the probabilistic models and the use of Monte Carlo methods provide more
interesting alternative tools. However, estimation of rare event probabilities with the naive
Monte Carlo techniques requires a prohibitively large number of trials. It is therefore necessary
to use suitable variance reduction techniques as control variates, antithetic sampling, impor-
tance sampling, splitting,... In this paper, we focus on techniques for the efficient estimation of
tail probabilities involving sums of heavy tailed random variables. It is amongst the simplest
problems studied in the literature of rare event simulation, but also amongst the most chal-
lenging (see e.g. Chapter VI in Asmussen and Glynn (2007)). Such probabilities are of interest
for insurance companies: the wealth of the company is modelled as a stochastic process that
incorporates the gains due to insurance premiums and the losses due to claims. The failure

event corresponds to the ruin of the company, i.e. when its wealth becomes negative.

More specifically, we consider non-negative, independent, identically distributed (i.i.d.) regu-
larly varying heavy-tailed random variables Xy, ..., X, with common distribution F' and let

Sn=X1+ ...+ X,. We are interested in the problem of efficiently estimating
z2(s) =P (Sp > 9)

for large s. It is well-known that rare event simulation techniques are quite different in the
light-tailed setting and in the heavy-tailed setting (see e.g. Chapter VI in Asmussen and Glynn
(2007)). The simulation method we propose here is only concerned with regularly varying heavy-
tailed distributions which are one of the most important subclasses of heavy-tailed distributions.

However modifications of the algorithm would be needed for other classes of distributions.

Let us denote by Z = Z(s) a random variable that can be generated by simulation and
has expectation equal to z(s). The usual performance measure is the relative error e(s) =
(Var (Z))l/2 /z(s). An estimator has the logarithmically efficient property if lim sup,_, ., z(s)%(s) <
oo for all € > 0, it has the bounded relative error property if limsup,_,.. e(s) < oo and it has

the vanishing relative error property if lim,_, e(s) = 0.
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The first logarithmically efficient estimator was proposed by Asmussen and Binswanger (1997)
and was based on a conditioning method. Asmussen, Binswanger and Hojgaard (2000) and
Juneja and Shahabuddin (2002) used importance sampling techniques for estimating z(s) and
obtained logarithmically efficient estimators. Asmussen and Kroese (2006) proposed an estima-

tor that combines an exchangeability argument with a conditional Monte Carlo idea
LA = nEF (Mnfl vV (8 — Snfl))

where M,,_1 = max (X1,...,Xp—1) and S,—1 = X1 + ...+ X,,—1. This estimator is shown in
Asmussen and Kroese (2006) to have bounded relative error and in Hartinger and Kortschak
(2009) to have vanishing relative error. The exact rates of decay of e (s) for Z4x have been
recently given in Asmussen and Kortschak (2012) under the assumption that the probability
density function of X exists and is given by f(x) = aL(z)/z%"! where L is a slowly varying

function. If o > 2, they showed that, as s — o0,
eax(s)=(14+o0(1))af(n—1)Var (Xl)]l/2 s

and if o < 2, that, as s — 00,

earc(s) = (140 (1) [(n— 1) ko F ()%,

where k, is a positive constant that depends on « (see Asmussen and Kortschak (2012) for the

case o = 2).

Asmussen and Kortschak (2012) also introduced related estimators with faster rates of decay

for the two cases: @ > 2 and 1 < a < 2. If a > 2, they suggested the following estimator
Z o) = Zak +n(E[Sp1] = Sn1) f(s). (3.1)

They gave its exact rates of decays when the first derivative of f exists and is given by f'(z) =
—a(a — 1) L(z)/2**2. They showed that, if a > 4, then

ala—1)

earcom (s) = (1+0(1)) [Var (S2_,)]"?s72,

as s — 00, and if 2 < a < 4, then

earom (5) = (1+0(1) [(n— 1) KLF ()] /2,

as s — 0o, where k/, is a positive constant that depends on a (see Asmussen and Kortschak

(2012) for the case @ = 4). If 1 < o < 2, they suggested to use an importance sampling method
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to improve on Z 4k and proposed to consider the estimator Z,(lef)@ = 7® 4 nZ© where

Z®) = n(n—1)F(s/(2(n—1))?I(Sy > s, Xn 1 A X, > M, o)

7O = (F(s—Sn1)—F(s)1 <Mn_1 < 2(;_1)> R+ F(s)P <Mn_1 < Q(n's_l)>

with R = [['-]' f (X;) /f (X;) and f an importance sampling density of the form L (s) /s® such
that & < 2o — 2. They showed that, as s — oo,

o (s) =0 (s7h).

Ghamami and Ross (2012) used the first time when the sum of the current maximum and S,
exceeds s to improve Z 45 : numerical examples for the standard Weibull distribution show that
a variance reduction is gained despite a four time longer computer time, but no theoretical
result on the rate of decay of the relative error is given. Other algorithms that share the feature
of vanishing relative error have also been investigated but they could be more complicated to
implement and their rates of decay are in general not very explicit: see Dupuis, Leder, and
Wang (2007) and Hult and Svensson (2012) in the setting of dynamic importance sampling, and
Gudmundsson and Hult (2012) in the setting of Markov chain Monte Carlo (MCMC).

In this paper, we will use the following decomposition
P (S, > s) =P(M, > s)+P(S, > s, M, <s) (3.2)

as in Juneja (2007). It is well-known that P (S, > s) = (1+0o(1))P(M, > s), as s — o0, in
the regularly varying case and that the probability P(M,, > s) is easily evaluated in closed
form. Therefore, we only have to focus on developing efficient simulation techniques for P(.S,, >
s, M, < s). Instead of considering the importance sampling technique (as in Juneja (2007))
that only leads to estimators with bounded relative errors, we rather continue to decompose the

probability P(S,, > s, M,, < s):

P(S, >s) = P(M,>s)+P(M, <s)P(S, > s|M, <s)
= P(M, >s)+P(M, < s)pi(s)

where
pr(s) =X+ x4 x> )

with X,L-[a’b] = X;|X; € [a,b] for any interval [a,b] C RT. We then define N, as the number of

random variables X [0.5]

;7 in the interval [s/n,s]. Ns has Binomial distribution with parameter

IP(X[O’S] > s/n) = F(s) ;(1;)(5/”)

(]

=(1+0(1) (n" = 1)F(s),
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as s — 0o0. By the law of total probability, we have

n

pi(s) = Y P, = )P(X1T + XD 4 X s )N = )

i=1
= D P(Ns=i)pii (s)
i=1
where
pui (s) = PO o X0V 4 X g X s ),
Since P(M,, > s) and P(Ng =) for i = 1,...,n are explicitly known, we focus on constructing

independent random variables, P;;, that can be generated by simulation and have expectation
equal to py; (s). Let
n

Zng =P(My > s) + P(My, < 5) Y P(N, =i)Py.
=1

The variance of this estimator of z(s) is given by

Var (Zng) = P(My < 5)> > P(N, = i)*Var (Py,).
i=1
Therefore more attention should be paid to Py since P(N, = 1) = O(F (s)"). If we assume that,
fori=2,...,n,

Py =g I(Xl[O,s/n] 4 +X7[10;81/n] _’_XLSKZL—LS% 4o _’_XT[Ls/n,s])

then it is easely seen that, as s — oo,

Var (Z _
,(7]?) = (1+0(1)(n® —1)2Var (P11) + O(F (s)%).

£ (s)
The main contributions of the paper are: (i) to provide efficient estimators of p;; (s) in order
to derive new estimators of P (S, > s) and (ii) to prove that these new estimators are more

efficient than Z 4k and its improvements: Z 4, q1) and Z 4 @) -

Asmussen and Kortschak (2012) used S,,—1 as a control variate with Z, for their estimator
Z ko (see Eq. (3.1)). We may note that, as mentioned in Section 3 of Juneja (2007), the
method proposed in this paper may also be viewed as using I;j7,~s) as a control variate in
estimating the probability P (S,, > s) with control coefficient equal to 1. The control variates
method is one of the most used variance reduction techniques for Monte Carlo methods. It
is popular because of an effective variance reduction in a simple theoretical framework, but

its main issue is the choice of a strong-correlated control variate as well as a suitable control
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coefficient. We see that this technique has to be paired with conditional Monte Carlo in our

case to provide finally efficient estimators.

This article is organised as follows. Section 2 introduces a first estimator that can be used for
any regularly varying distribution with tail index « > 0 such that the density function exists
and is at least I (o) times differentiable where I («) is the integer part of . Section 3 introduces
a second estimator that is less efficient that the previous estimator but more efficient that Zax
for 0 < a < 1. This estimator is even though studied because it is not necessary to assume that
the density function exists. For both estimators, we provide upper bounds for their relative

€rTrors.

3.2 A first improved estimator

We assume in this section that the probability density function of X exists and is at least [ («)
times differentiable for a > 1. By the Taylor-Lagrange formula there exists ps . € [s —x, s| such

that

R k (k) ak I(a) ¢(I(a)) 2!
fls—x) = 2 (DT () 7y + (D)7 (:us,x)m'

o

This type of regularity assumption appears to be quite standard when one wants to improve

the efficiency of estimators. It is however crucial for this first approach.

Let S;_| = X{O’S/n] +--+ XLOfl/n]. The probability pi1(s) may be rewritten in the following

way

puls) = PP o x0s/ xlsimsl 5 )
1 S
= TN o f(@)P(S:_y > (s —x))dx
F(s) = Fs/n) Jy | PS> (5= 2))

1 (n—1)s/n i
= F(s)—F(s/n)/O f(s—=2)P(S;_; > x)dx.

If @ > 1, we have

1 I(a)-1 ®) (_1)kM (n—l)s/nA (g p
p1i(s) = F(s) = F(s/n) kz() ! (S)T k,s —/0 (s, 2)P(S;—1 > z)dw
where

(n—1)s/n E[(S* )(k+1)]
My, = MP(S;_y > a)de = —
k, /0 Z ( n—1 CE) T E+1

— E k" s/nl i /nl o
+ I [(Xl[o’ / })Jl] .. E[(Xr[? 1/ ])]n 1]
jl "'+jn—1*—k‘—|—1 ']1 t ]n 1
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and (o)
I (0% 1 k I(a)
93 _ (a)+1 x
2 s)ay — fls—2) =(-1) S (s ) T
If0o<a<l1,welet A(s,z) = —f(s — z).

We denote by Y a random variable with uniform distribution on [0, (n — 1)/n]. Then we have

s(n—1)

(n—1)s/n
/ A(s,z)P (Sy_y > x) dv = ——Ey [A(s, sY)P(S;_; > sY)] .
0

n n-

By using an exchangeability argument as in Asmussen and Kroese (2006), we get

(n—1)s/n
/ A(s,2)P (S;_y > z) dx
0

s(n—1)> _
= (TL)EY7X£0,S/H]7”,’X[O,sz/n] A(s, SY)FX[Oisl/n] (Z\Jnx_2 A (s/n))
where
M§_2 =4 maX(X{O’S/”}, .. ’XT[LOLSQ/TL]’ sY — X{O,s/n] L XT[LOLSQ/TL])
and

Ftoam (2) = [F() = F(s/n)] /F(s/n).

Therefore we propose the following first estimator for pi1(s)

F(M;_5 A (s/n)) — F(s/n)

1 s(n—1)>
Py = ——— Z F®(s) Mks—i( ) VAs, sv)

F(s/n) — F(s) F(s/n)

and the first estimator for z(s)
Zy ) =P(My, > s) +P(M, < s) (IP(NS =Py + Zn:IP’(NS = z’)PU) :
Theorem 3.1. Let R(a) = a — I(a). Then if R(a) < 1/2
exrm (s) = O (F (s))
as s — o0, and if R(a) > 1/2
x5 = 0 (5721
as s — oo.

Note that, if f was only p times differentiable with p € N and 0 < p < I («), we would obtain

eNR(l) (3) S O (871/27p).
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Proof: We have

o (p0) ()t (s PO A (s/m)
var (A7) = <F<s/n>—F<s>>2<F<s/n>n Var (MY " F gy !
(F(s/m)

2 2\ 2 _ 2
s(n-1)  (FOL A (s/m)
(Fls/m) — F(5)7 (F@/n)n) . !A(S’S” ( F(s/n) 1) ] |

Note that ps sy € [s(1 —Y),s] C [s/n,s| and that

su su —
8213 s/ngggs f( (@) (5)

since fU(@) i a regularly varying function. Therefore

A(S, SY)2 _ <W)2 (Sy)gj(a) —0 <[L(s)s—(a+1):| 2> YQI(a)

as § — OQ.

Then, using the same arguments as in Asmussen and Glynn (2007) p. 275, we deduce that

M), is larger than sY/ (n — 1). It follows that
F(s/n) < F(M;_, A (s/n)) < F(sY/ (n — 1))
and we get

Var (Pl(ll)) =0 (F(S)Q) E Fs/n)

If U has a uniform distribution on [0, 1], we may write

Var (Pl(ll)) = O(F(s)*)E

F(s/n)
_ 5 _
= O(F(s)’)E U ((Féfg» _zF_(‘(SSU))H)
We have
QI(Q)F(SU) _ 1 1u21(a)*8u u s~ 2 SUZI(a)’,U »
e[| = ) R =g [0
g~ 1-2I(a)
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Since 21 (o) — a > —1 for a > 0, we deduce from Karamata theorem that, as s — oo,

/0 ,UZI(a)faL(v)dv _ 2[(1 + 0(1)) 821(a)fa+lL(8)

() —a+1
- FsU)] (14 0(1))
(a) S - +o
g [Uﬂ F(s) } S 2l(a)—a+ 1]
Moreover

1 1 B g—1-2I(a) ps B
= — / @) F? (su)du = _/ V@) F2(p)dv
0 0

F(s)? F2(s)
871721(04) s o1

_ _ (a)—2aL2 )
7F2(s) /0 v (v)dv

When I(a) — a > —1/2 or equivalenty R(a) < 1/2, we deduce from Karamata theorem that,

e[ (5 (<(§)>2

When I(a) — a < —1/2 or equivalenty R(a) > 1/2, we have, as s — o0,

as s — 00,
(1 +o(1))
2[(a) —2a+1°

s—1-21(a)

= (1+o(1)) TRy

Therefore, if R(a) < 1/2, eng(s) = O (F (s)) and, if R(a) > 1/2, eyp(s) = O (s7H/27 1),

3.3 Second improved estimator

We now propose and study a second estimator for which it is not necessary to assume that the
density function exists. We will show that it is less efficient that the previous estimator Zy pa)

but it is more efficient that Z i for 0 < o < 1.

For s > ((n—1) /n)_l_l/a, we split up p11(s) into two parts

pll(S) = P(X{O’s/n} 4+ Xv[loisl/n} + Xr[ls/n,s] > 8)
= P(XT[Ls/n,s] <s— 81/(1+a))p11d(5) + [P(Xr[Ls/n,s} S5 51/(1+a))p11u(5)

where

pr1d(s) = IP’(X{O’S/”} X[Oﬁ/n} X[s/n,s_sl/<1+a>] .
pria(s) = PO x [0 xlemsVS] ),
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We then use the method of Asmussen and Kroese (2006) to estimate p114(s) and p114(s) respec-

tively by
Piia = (n—1) Fyjou (M%) and Py = (n—1)F o/m (M)
where M o and M,* ,  are two independent random variables such that
M1;<72,d — max(X{O’s/"], . ,X,[LOLSQ/TL], s X’r[ls/n,s—sl/UJro‘)] _ XI[O,S/n] + X[O S/n])

M,iigfu — max(X{O’S/n], . 7X7[L0i82/n], s — X,,[ls_SI/(l+a)’S] . Xl[O,s/n} . X[O s/n])

Therefore we propose the following second estimator for p;;(s)

Pl(%) =(n—1) P(Xr[Ls/n,S} < s—s /(1+a))FX03/n] (M;_’dQ)—i-(n _ I)P(X}ls/n,s] S g—gl/(1+a )) o s/n](ng< ).

and the second estimator for z(s)
Znpe = P(M, > EPSCN = i) Py;
vr@ =P(My > s) + P(M,, < s) [ P(Ns = )Py + > PN, =14)Py; | .
i=2

(2)

The threshold s —s'/(11®) has been chosen such that the variances of the two components of Py
contribute to the total variance in the same way. The following theorem gives an asymptotic

upper bound of the relative error of Zy pe).

Theorem 3.2. We have
eNR(2)(S) =0 <S—a/(1+a))

as s — 0o0.

Proof: We have
Var (Pl(f)) = P(XE/mel < s — sVOT0N2Var (Pyyg) + P(XE™ > 5 — sV 40 2y0r (Pyy,) .

Using the same arguments as in Asmussen and Glynn (2007) p. 275, we deduce that

_ X,r[Ls/n,S—sl/(1+a)] 81/(1+a)
>

s
MX* > .
n—2d = n—1 - n-—1

Therefore we have

) s1/(1+a) B4 / (1 1)) — Bs/m)\ 2
Var (Pa) - < <”—1>2F§l°“"]< no1 )Z(n_l)Q (F( T )>

N

- 0 (F(S1/(1+a))2>
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FIGURE 3.1: Measures of efficiency of the estimators
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as s — oo. Now note that

F(s) — F(s — s/0F9))  F(s — s¥/(+0)) — F(s)
F(s)—F(s/n)  F(s/n) - F(s)
L(s(1—so/Uta))

_ —a/(1+a)y _ g0/ (1+)
20 O(s ) =0(s ).

P (X[ > - s/050)) =

Moreover its is clear that
P(XE/™ < s — /04y =0 (1) and Var (Pi,) =0 (1).

It follows that
Var (P;1) =0 (3_20‘/(1+O‘))

and exgr(s) = O (s_a/(l‘“")).

3.4 Comparisons of the relative errors and numerical examples

For the comparisons of the estimators, we assume without loss of generality that the slowly

varying function of F' is equal to a constant. We then define for an estimator Z of z(s) a

~(Z) = liminf (—bge(s)) .

s—00 log s

measure of its efficiency by

The larger this measure, the faster is the rate of decay of the relative error of the estimator.
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Figure 3.1 gives the exact values of v for the estimators Zsx (a > 0), Z 5,1 (o > 2), but only
lower bounds for the estimators Z ;2 (1 < a <2), Zypa) (> 0) and Zype (0 < a <1)

as presented in the previous sections.

We see that the proposed estimators (Zypa) and Zype ) provide from a theoretical point of
view improvements of Asmussen-Kroese estimator (Z45) and Asmussen-Kortschack estimators
(Z g0y and Z 4pep2)). We performed numerical experiments to check that these improvements
may be substantial in practice. We considered the Lomax distribution, also called Pareto Type

IT distributions, for the distribution of X;

P(X; > ) = <1+Z> oo
It is essentially a Pareto distribution that has been shifted so that its support begins at zero. We
provide in Table 3.1 numerical results for the standard Lomax distribution (5 = 1) for several
values of a (between 0.3 and 4.5) and s. The number of terms in the sum is fixed to n = 5.
The exact values of z(s) are computed by using the approach developed in Nguyen and Robert
(2013). The choice of this distribution and the choices of the values of its parameters are quite
standard for comparisons of different simulation methods in the regularly varying case (see e.g.
Asmussen and Kroese (2006), Hult and Svensson (2012)). We performed other simulations for
other sets of parameters (8 = 0.5,2,5 and n = 10,30,50). Qualitatively similar results were

found.

Table 3.1 indicates that a substantial variance reduction is gained with Zy ) for all values of

a. Zype is less efficient than Zy pa) but also provides very good results when 0 < o < 1.

3.5 Conclusion

This paper presents new algorithms to estimate efficiently the probability P (S,, > s) when s is
large and S, is the sum of n i.i.d. regularly varying random variables. The numerical study
shows that the new estimators compare extremely favorably with previous ones. It is, of course,
recognized that there are limitations in the assumptions used in this study (in particular for the
first improved estimator for which it is assumed that the probability density function of the ran-
dom variables is sufficiently differentiable). In future, we will focus on how to take into account
not identically distributed random variables in the sum or how to take into account extreme
dependence between the random variables. In this way, the applicability of the algorithms will

be hugely improved.

Note however that, by using additional higher order correction terms for Z,, ), it could be possible to
improve it.
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TABLE 3.1: Comparisons of the relative errors of the estimators

o s z €Zak €Zako €Zyr) €Zyr@
0.3 107 0.34171  0.37066 0.12173 0.12170
0.3 100 0.04909  0.13014 0.02450 0.02462
0.5 104 0.04997  0.12747 0.01789 0.02073
0.5 106 0.00499  0.03997 0.001864 0.003141
0.7 104 0.08625  0.22165 0.59683 0.60577
0.7 107 6.299e-04 0.02316 0.007010 0.012578
0.9 10* 1.265e-03  0.03152 0.003580  0.01067
0.9 10° 1.582e-04  0.01740 0.000467  0.00193
1.5 1000  1.833e-03 0.13152 0.020663
1.5 104 5.073e-05 0.01384 0.007161
1.5 5x10* 4.484e-06 0.06678 0.046846
2.5 500 1.165e-05 0.07388 0.03128 8.521e-04
2.5 2000 2.907e-07 0.01506 1.86e-03 1.611e-04
2.5 5000  2.873e-08 0.00565 1.58e-03 1.266e-05
3.5 200 5.832e-07 0.08896 0.04663 6.059e-03
3.5 2000 1.444e-10  7.54e-03 4.04e-04 1.730e-06
4.5 100 7.750e-08 0.14966 0.09128 0.010299
4.5 1000 1.679e-12  0.01246 0.00136  4.19e-07
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Chapter 4

The sums of dependent regularly

varying variables and simulation

This paper focuses on efficient simulation of z(s) = P (S,, > s) in the situation where s is a
large value and 5, is the sum of n heavy-tailed random variables with the assumption that the
dependence is either an Archimedean copula or an Archimedean survival copula. In recent re-

search on this problem, almost all authors paid attention to the calculation of limit lim }1;(()3("”)
5§—00 1>s)

where the distribution functions of X;; ¢ = 1,--- ,n are identical. Obviously, these results can
not be applied if the marginal random variables are differently distributed. Moreover, the rate
of convergence is hard to verify. Thus, we will estimate the probability z(s) using different sim-
ulation technique approaches. Simulation method has the advantage that it can be applied for
any range of dependence without identical marginal variables assumption. Numerical studies
are performed with different level of s and several Archimedean copulas in Section 4.4 prove

that our estimators are efficient at calculating probability z(s)

4.1 Introduction

Rare event simulation is a technique of simulating a small or very small probability (typically
between 1075 and 10719 or less). Generally, the analytical and numerical methods are impossi-
ble or too complicated to calculate such a small probability, especially in the case of dependence.
On the other hand, simulation techniques can be applied in complex situations such as high
dimensional calculation or the calculation with assumption of dependence between marginal
variables. However, the classical Monte Carlo method does not work on small probability simu-

lation since the relative errors (variation coefficient) are too large. So in rare event simulation,
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variance reduction techniques are key solutions. To evaluate an estimator in such context, As-
mussen and Glynn [3] introduced relative error as a measure of efficiency of an estimator, which

is defined as follows.

Definition 4.1 (Asmussen and Glynn, 2006). An unbiased estimator Z(s) of probability z(s) =

P(S,, > s) whose relative error calculated as follows e(Z(s)) = ?Ed((ZZ((;)))), is called

Logarithmically efficient estimator if imsup,_, . e(Z(s)) [2(s)]* =0 for all e > 0.
FEstimator with bounded relative error if limsup,_,. e(Z(s)) < oo.

Estimator with vanishing relative error limsup,_, . e(Z(s)) = 0.

In fact, estimating tail distribution of the sums of dependent random variables via simulation
is challenging. It requires a specific expression of dependence structure or a closed form of
conditional distribution functions, the case of elliptic distributions is an example. When the de-
pendence structure is elliptic, Blanchet and Rojas-Nandayapa [8] proposed a conditional Monte
Carlo estimator for tail distribution of the sum of log-elliptic random variables and proved that
it has a logarithmically efficient relative error. The sum of the log-elliptic random variables was
also estimated by Kortschak and Hashorva [13] using the simulation method that Asmussen and
Kroese introduced in [5], which presents favorable results especially in multivariate log-normal

case.

This paper considers the dependence structure of Archimedean copula and Archimedean sur-
vival copula. Having been defined by Nelsen [15], an n dimensional Archimedean copula C' of

generator ® is multivariate distribution function of n uniform random variables (Uy, Us, - - -, Uy,)

C(Ul,UQ,“' 7un) — P(UIS'LLl,UQSUQ,“' 7Un§un)

= (O (u1) + P (ug) + -+ (up))
where ®¢ is the inverse function of ®. The inverse function of a function g is defined by
g (z) = inf{t e RT : g(t) > z}.

The conditions for ® such that C is a multivariate distribution function is mentioned in McNeil

et al. [14] and will be discussed in Section 4.2.

Definition 4.2. Survival copula of X = (X1, Xs,---, X)), denoted C’, 1s the copula associated

with the survival function of X:

C (Fl(arl), e ,Fn(azn)) = F (21,29, , )



Chapter 4. The sums of dependent reqularly varying variables and simulation 88

In particular, if C is the copula of X and let U = (Uy,Us,--- ,Uy) be a vector such that U

follows C, then we have the relation:

Clut, - yup) =C (1 —uy, -, 1 —uy)
where C(u) = P(Uy > uy, -+, Uy > uy).

Obviously, there is an one-one mapping from the set of Archimedean copulas and the set of
Archimedean survival copulas. In this paper, the notation ”Archimedean survival copula C' of
generator ®” is used to mention the survival copula of vector U is the Archimedean copula of

generator .

Under the dependence structure of Archimedean copula C', we denote n marginal random vari-
ables as X7, Xs, -+, X, where the distribution functions of X; are F; for i = 1,2,--- ,n. If
vector U = (Uy,Us, - -- ,U,) follows copula C where U; are uniformly distributed in (0,1) for

i=1,2,--- ,n, then we have the stochastic representation for vector X:
d
(X17X2> T 7Xn) = (Fl(_(Ul)a F2<_(U2)7 o 7F<_(Un))
The multivariate distribution function of X = (X, Xo,---, X,,) as a consequence is

P(Xy <a1,Xo <o, , Xy <) = P(FI(Xy) < Fi(x), -, Fu(Xn) < Fu(zn))
= C(Fl(wl),Fg(.%'g),'-- ,Fn(:rn))

Under the dependence structure of Archimedean survival copula C, we denote the marginal
variables as Y7,Ys,---,Y,. The i*" marginal variable Y; has the same distribution function
F; with X; and there exists a unique vector U of uniform marginal distribution following an

Archimedean copula C such that
d — —
(Yla}/Qa”' 7Y7’L): (Ff_(Ul);Fg_(UE)? 7F(_(Un))

The multivariate survival distribution function of Y = (Y1, Y2, -+ ,Y},) can be written via copula

C as follows

Vi > o> g Y > %) = BUAH) < i) Fui) < Fulon)
= C(Fl(yl)7p2(y2)7"’ 7Fn(yn))

Assumption of marginal distributions

In this paper, the marginal random variables are assumed to be positive regularly varying, i.e

the marginal survival distributions Fy, Fy,--- , F}, are regularly varying functions.
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Definition 4.3. A random variable X of survival distribution function Fx =P(X > ) is said

to be reqularly varying at infinite with index —a with o > 0 (written F € RVoo(—a)) if

Fx(t.’ﬂ)

im — @
z—oo 'y (q:)

In the case of a = 0, function Fx is said to be slowly varying.

With the assumption of regular variation, we denote the tail indices of Fy, Fy,---,F, by
a1, 9, -, oy respectively. Note that the marginals are not necessarily identical. By the def-
inition, we can write F;(z) = l;(x)x~% where [; are different slowly varying functions and «;
satisfy a1 < ag--- < ay,. It is well-known that if all the variables are positive, then we have the

following upper and lower bounds for z(s)

i:rf}§¥7nP(X¢>s)<PS > s) Z_: (Xi>s/n)

—  max Fi(s) <z(s) <n max F(s/n).
i=1,2-n i=1,2-n
Obviously, if a1 is strictly less than «g, then the upper and the lower bounds become asymp-

totically:

Fi(s) < 2(s) < nFy(s/n).

Asymptotic result for the sums of regularly varying variables

There are a number of results for the sum of dependent regularly varying random variables
focusing on the asymptotic behavior of tail distribution of the sum. When marginal variables

are tail independent i.e /\l1m P(X; > 23] X; > xj) = 0 for all  # j, Jessen and Mikosch [11]
T AT

’ Fy(s)

oo Fi(s)’

showed that if there exist n — 1 constants 02 .-+, ¢t such that c = hm then

lim 7(‘? >5) i e

s—oo (s P €
If the marginal distributions are i.i.d, we have (¢;/ = 1 Vi) which leads to a well-known result
2(s) ~ nFi(s). The sum of asymptotic independent regularly varying variable was also studied
by Yuen and Yin [19]. The authors proposed a result with weaker assumption than Jessen and
Mikosch [11] in the case of n is deterministic and then developed this result in the case of n is
a random variable (see Yuen and Yin [19]). A research for the sum of dependent and identical
regularly varying variables is carried out in Albrecher et al. [2]. They analyzed the tail behavior

of the sum of two regularly random variables following the coefficient A = lgn P(X; > s|X2 > s)
S§— 00
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. BT P(X1>s)
and the ratio ¢ = slgglo P(X2>s)

copula, the authors presented an asymptotic result for the sum via the density copula (see [2]).

. Moreover, in Albrecher et al.’s [2], if the dependence is a bivariate

Under the assumption of Archimedean survival copula dependence structure, Wuthrich [18]

obtained the limit g, (a, §) = 553>

are identical and Archimedean generator is a regularly varying function.

with additional assumptions that marginal distributions

Proposition 4.4 (Wuthrich, 2003). Suppose that Y1,Ys,--- Y, are n reqularly varying random
variables of common survival distribution function Fy € RVs(—a),a > 0; and the dependence
between Yi;i =1,2,--- ,n is an Archimedean survival copula of generator ®. If ® is a regularly

varying function i.e ® € RV (—0), 8 > 0, then there exists the limit g, (a, B):

y PYr+---+Yy) : P(SY > )
N T O

This limit can be calculated by a recursive formula:

n

QH(aaﬁ) = Z(*l)(i_l) Cvzz Qn,i(aaﬁ) i?

i=1
where the ¢, ;(a, ) is the probability of
In this probability, vector (Hl(i), ‘e ,Hy(f)) has multivariate distribution function Hgﬁ’ﬂ) deter-
mined by
-B

AR

i

/H(a’ﬁ)(hl, . 7hn) _

n,0

for (hy,--- ,hn) € [0,1]% x [0, 00)" "

Sun and Li [17] examined the relation between multivariate regularly varying vector and Archimedean
copula with regularly varying generator to acquire an integral form for ¢,(«, 5). In their re-
search, the marginal distributions are assumed to be identical and regularly varying. In the case

of Archimedean copula, if the generator satisfies (1 — ®) € RVo(—/3), the following limit exists

P(SX > s)

lim —" % O
S P(X; > 5) (e 5)
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where

-1/«
v > 1<in, ij<n

677,
c _ IRV A VOV BT VICA:
q, (a, B) / T . E [( D7 (o7 + e+ 7)  duy - - - doy.

j
In the case of Archimedean survival copula, if the generator satisfies ® € RV (—/), then

P(SY > s)

lim —— =
I v s ) dn (v, B)

where

Sy t>1 5
O, B) = A (Y S T N T
an (O[, 5) / Sv1 - ouy <U1 + +v, ) dvy dvy,.

In this paper, we estimate the probability z(s) using techniques of conditional Monte Carlo sim-
ulation. The advantage is that we can reduce the complexity in calculating tail distribution of
the sum even if marginal distributions are different. Moreover, we can improve the performance
by increasing the number of replications. Our research focuses on the dependence structure
of Archimedean copula and Archimedean survival copula. In the following sections, we intro-
duce some simulation techniques related to Archimedean copula which are used to develop our

estimators.

4.2 Archimedean copula and simulation

The classical simulation method for a dependent vector bases on conditional distributions. Sup-
posed that vector U = (Uy,Us, - ,U,) has density function c(uy,us,-- ,u,) which can be

decomposed by conditioning into
c(ur, ug, -+, up) = Cn|n—1,~~,1(un\un—1, e up) - Cz|1(u2\u1)01(u1)

where ¢y is the density of U;. The classical procedure of simulating vector U is: simulate u; based
on ¢1(uq), simulate Us based on cy|1 (uz|u1), - - -, simulate U, based on ¢pjp—1.... 1 (Un|tin—1," -+ ,u1).
Hence, vector U is created by calculating (n — 1) times the inverses of conditional distribution
functions, which is hard and takes a long time to obtain a result, especially if the distribu-
tion function of U is an Archimedean copula. To solve these problems, there are two effective

simulation techniques introduced in McNeil et al.[14] and in Brechmann et al.[9].
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Stochastic representation of Archimedean copula via a uniform vector on unit sim-

plex and a positive radius

In 2009, McNeil et al [14] showed that there is one-one mapping from the set of n dimensional

Archimedean copula generators and the set of n-monotone functions.

Theorem 4.5 (McNeil and Neslehova, 2009). A real function ®: [0,00) — [0, 1] is the generator
of an n dimensional Archimedean copula if and only if it is an n —monotone function on [0,00)
i.e it is differentiable up to the order (n —2) and the derivatives satisfy (—1)'®®)(z) > 0,i =

0,1,---,n—2, further (—1)”*2<I>(”*2) is non-increasing and conver.

According to Theorem 4.5, McNeil et al. introduced a stochastic representation of vector U

following an Archimedean copula via a positive radius R and a uniform vector on unit simplex
n

Sp ={wy, - ,w, € (0,1)": Y w; =1}
i=1

Theorem 4.6 (McNeil and Neslehova, 2009). If U = (Uy,---,U,) follows an Archimedean

copula with generator ® and W = (Wh,--- ,W,,) is an uniform vector on unit simplex S, =
n

{wi, - ,wy, € (0,1)" : > w; = 1} then there exists a positive random variable R with distribu-
i=1

tion function satisfies

n—2 i Zn—1
Fle) = 1= 21/ 5700 (0) = (" )
such that
(U1, Un) £ (R(RWY), - B(RW,))
As a result of Theorem 4.6 we have
o If vector X = (Xi,---,X,) has marginal distribution function Fy,---,F, and the de-

pendence is an Archimedean copula C of generator ®, there exists a vector W uniformly
distributed on S,, and a positive random variable R of distribution function F'g in 4.6 such

that

(X1, Xn) £ (Ff (R(RWY)), -, F (B(RW,)).

e Similarly, if vector Y = (Y1, -+ ,Y,) with marginal distribution functions Fy,--- , F,, and

the dependence is an Archimedean survival copula C' of generator @, then

(Y1, , Vo) L (Ff (®(RWY)), -, E(B(RW,,))).
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Archimedean copula simulation based on the Kendall distribution function

Another way to simulate a vector X and a vector Y of marginal distribution functions Fy,--- , F,
where dependence follows an Archimedean copula and an Archimedean survival copula is the
method of Brechmann et al. [9]. Arguing that the classical method does not work due to the
problem of calculating the inverse functions of conditional distributions Cj);_; ... 1, Brechmann
provided an algorithm to simulate Archimedean copula using an intermediate variable Z whose
distribution function is known as Kendall distribution function (see Barbe et al. [6]). This

method eliminates the problem of numerical calculations of the inverse functions of Cjj;_q ... ;.

Proposition 4.7 (Brechmann et al., 2013). If U = (Uy,--- ,U,) follows an Archimedean copula
C of generator ® and variable Z is defined as Z = C(U), then the density of Z is

(_1)“*1 1 1
J2(2) = Gy @GN (@)D () 0 (07 (2))
n—1)!
Moreover, conditional distributions U;|Z,Uj—_1,--- ,Uy with j =1,--- ,d are
O (uy) d—j
FUj|Z7Uj—1»"',U1(uJ'|Zaujflﬂ"' ’ul) = (1 o Jj—1 ) ’
D (z) = 32 D (up)
k=1
j—1
for1>u; > ®(0(2) — > @ (uy)).
k=1
From these results, the inverse function of conditional distribution Fyy | zv,_, .. v, (ujlz, uj—1,- -+ ,u1)
can be calculated by an explicit formula. Indeed, if we have z,uj_1,--- ,u; are realisations of
Z,Uj_1,---,U; and w is a realisation of a uniform random variable in (0, 1), U; is simulated as
follows
4 = F0, el s )

7j—1
= (uy) = (1—w/ ) (@ (2) = Y B ()
k=1

j-1
S o= <(1 — W=D (04 () — Z(I)“(u;&))
k=1

According to this result, Brechmann et al. proposed that this method can be applied to simulate
a conditional Archimedean copula U = (Uy,--- ,U,|U; € [a,b]) where [a,b] € (0,1). To do this,
in the first step, we simulate U; uniformly distributed in [a, b], then variable Z is simulated via

the conditional distribution defined by the following proposition:
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Proposition 4.8. Conditional distribution Fz;, (2|u1) can be calculated by the Archimedean

generator and its derivatives

n

—1)
Fyu (zlut) = (@) (uy) )

4!

|
N
—

(®(2) — @ (u)) @UHD (@ (2)) for 2 € (0,u1)

<.
Il
=)

(see the proof in section 4.5).
Thus, the procedure of simulating conditional Archimedean vector U = (Uy,--- ,U,|U; € [a,b])
is: first, simulate uniform variable Uy satisfying U; € [a, b]; second, based on conditional dis-

tribution Fyzr;, in 4.8 to simulate Z numerically; finally, based on conditional distribution

Fu\zu, 1, vy In 4.7 to simulate Uy, - - -, Uy respectively.

4.3 Our estimators

Before discussing the estimators in details, we define some notations frequently used in this

section:
e If x is an n dimensional vector x = (1, ,xy), X_; is the vector x after removing the
ith component z;.
e We note M;(x1,- -+ ,x,) is the i*" element of vector x after arranging the elements of x in

the non-decreasing order. Obviously, M;(x) = min(x) and M,,(x) = max(x).

e The notations 2% (s), SX, MX --- refer to 2(s), Sn, My,--- in the case of Archimedean
copula. Similarly, ¥ (s), SY, MY, --- denote 2(s), Sy, My, - -- in the case of Archimedean

survival copula.

e Probabilities P(MX > s) and P(M, > s) can be calculated by marginal distributions
Fy, .-+ F, and Archimedean generator ®. If the dependent is an Archimedean copula C,

we have

P(MX >s) = 1-P(MX <s)=
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If the dependence is an Archimedean survival C, then there exits a vector U following an

Archimedean copula C such that

P(MY >s) = 1-P(M) <s)=1-P(Y; <s,---,Y, <s)

The first estimator

Our first estimator is based on the simulation techniques that Brechmann et al. [9] used to
simulate conditional vector U|U; € [a, b] where U follows an Archimedean copula. After taking
probabilities P(M,X > s) and P(M)Y > s) out, we apply the exchangeable property between
variables in a sum that Asmussen and Kroese used in their estimator. If the dependence between

regularly varying variables is an Archimedean copula,

2X(s) = P(MX >s)+P(Sy > s,5/n < MY <s)

= P(M\ >5)+ > P(SY >sX;= MY, s/n< MY <s)
=1
= P(M; >s)+ > P(Sy >sX; =M s/n<X;<s)
i=1
= P(MX > s)—i—ZIF’(s/n < X; <s)P(SX > 5, X; = MX[s/n < X; < s).

=1

Consequently, we propose the first estimator for 2% (s)

n
Z])\gRl(S) = P(Mfi( > S) + Z (F’L(S/n) - E(S)) H{Sfi>s,Xf:Mfi}
i=1
where S;Xi, X! and M are S5, X; and M;X conditioning on s/n < X; < s. The most challeng-
ing problem here is the technique of simulating vector (Xi,---, X¢) = (X1, , Xp|s/n < X; <
s) where the dependence of X is an Archimedean copula. Via transformations Uj; 4 Fi(X5),

conditional vectors X|X; € (s/n, s) become

(X1, , Xnls/n < X; <)

—~

F(Uh), - Fy (Un)ls/n < F(Ui) < s)
(B (U), -+ Fy (Un)| Fi(s/n) < Ui < Fi(s))
L E(U)

II=

B8
G
i)
=
.
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where (UjT,---  UF) = (Uy,--- ,Un|Fi(s/n) < U; < Fy(s)). Similarly, if Y = (Y1,---,Yy)

follows an Archimedean survival copula C, then

(Vi Yals/n < Vi <5) £ (B (U),-, B (Un)|s/n < B (U3) < s)

£ (B (W) E(U)|E(s/n) > U > Fi(s))
d =, i— = i—
where (U™, -+ ,U") = (Uy,--- ,Up|F;(s/n) > U; > Fj(s)). With conditional vectors Y|s/n <

Y; < s, we have the first estimator for z¥ (s):

ZJ}\/TRI(S) = P(M}; > 5) + Z (Fl(s/n) - Fl(s)) H{Szi>s’yiz':M$’i}

i=1
where SYi, Y and MY are SY, Y; and M} conditioning on s/n < Y; < s.

Proposition 4.9. Estimators Zxp,(s) and Z} p,(s) have bounded relative errors. (see the

proofs in Section 4.5.)

Algorithm for Zypi(s)

e Archimedean copula

— Fori=1,2,--- ,n; independently simulate UfJr uniformly distributed in (F;(s/n), Fi(s)).

— For each UfJr in the first step, simulate Z based on conditional distribution Fy;,

and then simulate (U{T,--- U, UZL, Uit).
— For each j = 1,2,--- ,n,, calculate X; = F;‘(U]H) and return H{Sfi>s,X;'=Mfi}

which takes values 0 or 1.

Return Zn g (s) = P(MX > s) + 31 (Fi(s/n) — F(s)) H{S§i>s,X§=M,§<i}'

e Archimedean survival copula

— Fori=1,2,--- ,n; independently simulate Uff uniformly distributed in (F;(s/n), Fi(s)).

For each Ui"* in the first step, simulate Z based on conditional distribution Fy;,

and then simulate (Uli_, e ,Uf:l, Uf;l, Ui™).

— Foreachj=1,2,--- ,n,, calculate in = ij_(U;;) and return 1y, which

{Shi>sYi=M)i}
takes values 0 or 1.

Return ZY g (s) = POMY > )+ X0, (Fi(s/n) = Fi(9) g,y ypviy
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It is remarkable that the technique of estimating Zypri(s) can be applied for the sums of reg-
ularly varying variables with any dependence structure and the estimators have the bounded
relative error. The key solution is how to simulate conditional random vector X|s/n < X; < s.
Unfortunately, numerical performance of Zxg1(s) presented in Section 4.4 is not as good as the

other estimators.

The second estimator

The construction of the second estimator is based on the stochastic representation of Archimedean
copula by McNeil et al [14]. As stated in Section 4.2, if the dependence of X is an Archimedean

copula, we have

where the distribution function of R is as in Theorem 4.6 and W is a vector uniformly distributed

on S,. Probability 2% (s) can be written as follows

2X(s) = P(MX>s)+P(SX>s M <5s)

= P(MX>s)+P <i FE~=(®(RW;)) > s, max {F7(®(RW;))} < s)

1=1 T
PO 4P (S @) > s h e max | 20

. =1, ,n Wz
=1

If the dependence between regularly varying marginals is an Archimedean survival copula, where

the stochastic representation of Y can be written according to McNeil et al [14]
d — —
(Yi,, Vo) = (BT (R(RWA)), -+ F (R(RWy)))
we have probability z¥ (s)

() = P(MY >s)+P(SY >s M) <s)

¢ i=1,-
i=1

- P(M}; >s)+ P (i: FZ (®(RW;)) > s, max {F’J_ (@(Rm))} < S>
= P(MY >s)+P zn:Ff(q)(RWi)) >3, R < Z‘:m‘ip

: 1, W;
=1

The second estimators for 2% (s) and z¥ (S) are obtained conditioning on W:
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e Under Archimedean copula,
Z3Ra(s) = P(M;y > 5) + FR(UX (W, s)) — Fr(L*X (W, s))

where

UX(W,s) = sup{reR": ZFH (rw;)) < s}
i=1

LX(W,s) = _max

e Under Archimedean survival copula, we have
ZNRa(s) = P(My > s)+ Fr(UY (W, 5)) — Fr(L" (W, 5))

where

L A _i S
UY(W,s) = nin (Wi( )
LY(W,s) = inf{r e R": ZF“ (rW;)) > s} (4.1)
=1

Note that if the marginal distributions are contlnuous and strictly i 1ncreasmg, then UX(W, s)

and LY (W,s) are unique roots of equations Z F~=(®(zW;)) = s and Z F(®(aW;)) = s
i=1 =

respectively. The quality of estimators Z NR2(S) will be verified with the assumption that the

Archimedean generator is regularly varying.

Proposition 4.10. If (Y1,---,Y,,) follows an Archimedean survival copula C of generator ®
satisfies: ®"=2) is differentiable and ® € RV (—f); 8 > 0, then ZX 1o(8) has a bounded relative

error. (see the proof in Section 4.5).

Algorithm for Znpo(s)

e Archimedean copula

n
— Let (Eh, Es, - - , Ey) ben i.i.d exponential .v of parameter 1, calculate W; = E;/ > Ej.

j=1
— UX(W,s) is calculated numerically from Equation 4.1 and L~ (W, s) is determined
from Equation 4.1
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— Calculate derivatives CI)(j)(x) for j = 1,--- ,n—1 and then distribution function

Fp(z)
— Return Zpo(s) = P(MX > s) + Fr(UX(W,s)) — Fr(LX (W, s))
e Archimedean survival copula
— Let (E1,Eq--- | Ey) ben i.i.d exponential r.v of parameter 1, calculate W; = E;/ é E;.

J

— UY (W, s) is determined from Equation 4.1 and then calculate LY (W, s) numerically
from 4.1

— Calculate derivatives @(j)(x) for j = 1,--- ,n—1 and then distribution function
Fp(z)

— Return ZXpo(s) = P(MY > s) + Fr(UY (W, s)) — Fr(LY (W, s))

The third estimator

This section presents another estimator for z(s) which has better numerical performances than

Znri1(s) and Zypga(s). We separate probability z(s) into
P(S,, > s) =P(M,, > s) + z1(s) + 22(s)

where P(S,, > s) is deterministic, z1(s) = P(S, > s, Mp—1 < As, M, < s), 22(s) = P(S,, >
S8, Mp—1 > As,M,, < s) and A is a positive less than 1/n. In z(s), inequation M, 1 < As
implies that there is only one variable taking a large value. Consequently, we estimate z;(s)
conditionally on X_;. In z3(s), there are at least two variables taking large values, so it is

coherent if we estimate z3(s) conditionally on uniform vector W on unit simplex S™.

Estimating 23(s) conditionally on a uniform vector on S"

If the dependence structure is an Archimedean copula, according to McNeil et al. [14], the
stochastic representation of (Xi,---,X,,) is (Ff (®(RW1)), -, F5 (®(RW,))). Hence, proba-
bility 25 (s) = P(S;X > s, M;X | > As, M;X < s) becomes

% () = PO_F(2(WiR)) > s, My 1{Ff (R(WiR))} > \s, Mo {F{ (2(W;R))} < s)
=1

P (Fi(rs))

W },R> LY (W,5)).

= P(R<UX(W,s),R< M, 1{



Chapter 4. The sums of dependent reqularly varying variables and simulation 100

Similarly, under Archimedean survival copula,

25 (s) = IP’(Z F{7(®(WiR)) > s, Mp_1{F;" (2(W;R))} = As, Mo {F (®(W;R))} < s)
=1

D (Fi(As))

= P(R>LY(W,s),R> My{ o

LR<UY(W,s)).
Conditioning on W, we have estimator Zx Rr32(s) for 2 ()
O (F;(s))

W
= Fr(Uy(W,s)) — Fr(L*(W,s))

Zrso(s) = Fr(UX(W,s) A M,_1{ }) — Fr(L*(W,s))

with UX(W,s), LX (W, s) are from 4.1, 4.1 respectively, and

‘1><_ Fl S
UX(W,5) = U (W,s) A Mn_l{(W())}. (4.2)
Under Archimedean survival copula,
O (F;(\s))
Znrsz(s) = Fr(UY(W,s)) = Fr(LY (W, s)V Mo{———})
= Fr(UY(W,s)) — Fr(L) (W,s))
with UY (W, s), LY (W, s) are from 4.1, 4.1 respectively, and
q)e Fl AS
LY(W,s) = LY(W,s)V MQ{W (4.3)

Proposition 4.11. There exists a constant ¢ such that the variance of Z}V/R3,2(3) 18 asymptot-

ically bounded by ¢ x z(s). (see the proof in Section 4.5).

Asmussen and Kroese’s method to estimate z;(s).

The idea of Asmussen and Kroese’s method is to use M;* as variable controlling S;X. We develop

probability z1(s) as follows
n
P(SX > 5, MX | < Xs, MX <s5) = ZP(S? > 5, MX | < As, MX < s, X; = MX)
i=1

n
= Z}P’(S,)f > s,max{X_;} < \s, X; < s, X; = M)

i=1
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For each i = 1,2,--- ,n, we propose the use of estimator Z][\z}g?) L(s) for P(SX > s,max{X_;} <

As, X; < s,X; = MX) by conditioning on X _; = x_;:

n

1x .

Z][\ZI]RB,l(S) - ]I{max{x,i}<)\s} Pls> Xz >S5 — Z Tj
J=1,j#i

where X = X;|X_; = x_;. Note that if max{x_;} < As then
n

s — Z zj > (1—(n—1)A)s > s/n > As > max{x_;}
J=1,j#i

which implies condition X; > max{X_;} is definitely correct. Estimator Zx r3a(s) for 2% (s) is
then defined by

n

X
Z])V(RBJ(S) = Z Z][\/]R3,1(S)‘
i=1

In the case of marginal distributions are identical, we have Z])\§R3,1(8) = nlmaxix_1}<rsy P(s >
X{ > s — sum(x_;)) as original Asmussen and Kroese’s estimator. Under the assumption that

the dependence follows an Archimedean survival copula, we employ the same method.

To perform the calculations, we need conditional distributions X} = X;|X_; = x_; and Y* =

Yi|Y_; = y_;. The distribution of X} can be obtained directly

However, in the case of Archimedean survival copula, the expression for distribution of Y;* is

more complex.

Proposition 4.12. If random wvariables Y1,---,Y, of distribution functions Fy,--- , F, with
the dependence follows an Archimedean survival copula C, then the distribution function of
V=YY =y ;is

Fyo (i) = B <) =1 - ]

(see the proof in Section 4.5)

Unfortunately, the relative error of Zygs31(s) is not bounded if there is no assumption for
Archimedean generator. Consequently, the relative error of Znpgs(s) is not bounded either.

However, numerical performances of this estimator are better than Zypo(s) in some situations
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when parameter \ takes appropriate values. Moreover, in almost all cases, Zyprs3(s) is better
than Zxg1(s) which is proved to have a bounded relative error.
Algorithm for Zyps(s)

o Archimedean copula

n
Let (Eq,Es -+, Ey) ben i.i.d exponential r.v of parameter 1, calculate W; = E;/ Y Ej.
j=1

— Calculate UK (W, s) from 4.2 and LX(W,s) from 4.1

— Fori=1,2,---,n; simulate vector U_; following (n — 1) dimensional Archimedean
copula of generator ® and then calculate X; = F;~(U;) for j # i. After that,

calculate the value of Z][\Z;g&l(s) = Imas{o_it<rs} (Fxz(s) = Fxx(s — sum(z_;)))

Return Z3{y(s) = P(M;¥ > ) + Fr(U (W, 8)) = FR(LY (W.5)) + 3 Zj35.1(5)
i=1

e Archimedean survival copula

n

Let (Eq,Es -+, Ey) ben i.i.d exponential r.v of parameter 1, calculate W; = E;/ Y Ej.
j=1

— Calculate UY (W, s) from 4.1 and L} (W, s) from 4.3

Fori=1,2,--- n; simulate vector U_; following (n — 1) dimensional Archimedean

copula of generator ® and then calculate Y; = ij_(Uj) forj #i. After that, calculate
the value of Z][@g&l(s) = Lmaa{y_ }<rs} (Fyi* (8) = Fy=(s — sum(y_;)))

— Return ZY py(s) = P(MY > 5) + Fr(UY (W,5)) = FR(LY (W, 5)) + Y Z3s1(5)
i=1

The fourth estimator

In this section, with the same idea of separating probability P(S,, > s, M,, < s) into two parts,
we introduce the 4" estimator for z(s), called Zxg4(s), which has bounded relative error under
Archimedean survival copula without any assumption of ®. First, with « is chosen in (1/n,1),

we decompose probability z(s) into

z(s) = P(M, >s)+P(S, >s, M, <5s)
= P(M, > s)+P(S, > s,ks < My <s)+P(S, >s, M, <ks).

Probability P(S,, > s,ks < M, < s) will be estimated by the same method of estimating
Znri1(s) while probability P(S,, > s, M,, < ks) will be estimated conditionally on W € S,,. If
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the dependence structure is an Archimedean copula, we have

X(s) = P(MX>s)+ Z (Fi(ks) — Fi(s)) P(S; > s, X; = M\ ks < X; < s)
i=1

Z" O (Fi(ks))
+ P FZ-H ((I)(RWZ)) >s,R> l=Inl,aX,n T
=1

This formula gives the 4" estimator Z3 p,(s):

ZA pa(s) = POM;Y > 8) + 3 (Filks) — Fi(s)) gxnis xriazey + FRUUY (W, 8)) = Fr(Ly (W, 9))
i=1

with X}” = Xj|ks < X; < s; UX(W, s) is defined in 4.1 and
LX(W,s) = max { ——— 3. (4.4)

Similarly, if the dependence is an Archimedean survival copula

(s) = P(MY >s)+ Z (Fi(ks) — Fy(s)) P(SY > s5,Y; = MY |ks < Y; < s)
i=1

o ) 2 (Filks))
+ P ET(®(RW;) > s, R< min §
i=1 ' t

which gives the 4" estimator Z¥ 5, (s)
n

ZNrals) = P(MY > )+ (Firs) = Fi(9)) gy uisgyricarywy + FRUY (W, 5)) = Fr(LY (W, 5))
i=1

with Yj”“ =Yj|ks < Y; < s; LY (W, 5) is defined in 4.1 and

UY(W,s) = min 7 (Files))

F; A
i=1,-n W; (4.5)

Proposition 4.13. Z} ,(s) is an estimator with bounded relative error. (see the proof in
Section 4.5)

Algorithm for Zypra(s)

e Archimedean copula
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— For each i = 1,2,--- ,n, simulate vector (Xf%, .-+ X)) = (X1, -+, Xnlhs < X; <
n — —
s), then calculate Z])\?RM(S) = > (Fi(ks) — i(S))]I{Sr)l(ni>s7Xﬁi:MXm}.
i=1 : "

— Calculate UX (W, s) from 4.1 and LX(W,s) from 4.4.

~ Return Z¥py(s) = POME > 8) + Z3 a1 () + FR(UX(W.5)) = Fr(LE (W, )).

e Archimedean survival copula

— For each i =1,2,--- ,n, simulate vector (Y{*',--- | Y5) = (Y1, , Yp|ks < Y; < 5),
n — —
then calculate Z}\/[R471(8) = > (Fi(ks) — Fz‘(8))H{sgm>57y_m:MYm}-
i=1 ’ "

— Calculate UY (W, s) from 4.5 and LY (W, s) from 4.1.

— Return ZXp,(s) = P(MY > s) + ZJ}\/TR4,1(S) + Fr(UY(W,s)) — Fr(LY (W, s)).

4.4 Numerical studies

The numerical performances of the 4 estimators are discussed in this section. The results contain
the calculations of the probability that the sum of 5 Lomaz random variables of the same tail
index - 2.5 and the same parameter § = 1 is larger than s. The dependence is assumed to be
a Clayton copula, a Gumbel copula, a Clayton survival copula and a Gumbel survival copula.
Even in some cases, the quality of the estimators is not verified; we still do the simulation
because their numerical performances are favorable. For estimators Zygr3(s) and Zyga(s), the
choices of A and x are sensitive. In fact, we choose the values that minimize the numerical

standard deviations of the estimators.

Clayton copula

The generator of Clayton copula of parameter 6 € (0,00) and the inverse function:

—0
o(t)= |1+ 2 ;0T () =10 (t_1/9 - 1) (@)D (4) = —¢~ 101,

The formula for n-dimensional Clayton copula

-0
Clur, - un) = (U;W bV (- 1))
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The derivatives of the generator are calculated as follows

—0—k+1
1 2 k—1 t

M) = Lt | tg) (1| (1+5

The Clayton copula has the generator satisfying the Proposition 4.10: ® € RV (—0) with

0 > 0, i.e estimator Z} ro(8) has bounded relative error under Clayton survival copula.

Gumbel copula

The generator of Gumbel copula of the parameter b € (0,1) and the inverse function:

1
B(t) = exp(—a") ; @ (1) = (~log(®) /" 5 B (1) = - (~log(t) """

The formula of n-dimensional Clayton copula:

Clun, -, un) = exp (— [(—log(u))"* + -+ + (— log(un)) "] b) :

It is hard to derive a closed form for the k" derivative of Gumbel copula generator. In this

section, with n = 5, we have to do the calculations until the 4*" derivative:

dW(t) = exp(— x)(—btb_l)

() = exp(—t?) ( b(b — 1)t°2 + b2t~ 2)

3 () = exp(—t?) ( b(b—1)(b—2)t°73 + 3b%(b — 1)t*~3 b3t3b_3)
W () = exp(—t?) x

( b(b—1)(b— 2)(b— 3)t"* + b2(b — 1)(7b — 11)¢2~4 — 603 (b — 1)¢30—4 + pde- 4).

There are three levels of copulas dependence in this section using Kendall’s 7: The weak level
of dependence is when 7 = 0.1, the normal level of dependence is when 7 = 0.5 and the strong
level of dependence is when 7 = 0.9. Parameter 6 of Clayton copula and parameter b of Gumbel

copula are determined via 7

1—71

0= 2T

and b=1-—rT.

According to the numerical results, it is remarkable that Zypg; has bounded relative error.
For example, under the assumption that the dependence is a Clayton survival copula with
Kendall’s 7 is equal to 0.5, when s increases from 20 (Table 4.3) to 200 (Table 4.6), the value of
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z(s) decreases from 0.01639236 to 8.67011E-05, but the relative error of Zypg1 does not change:
2.034 compared to 2.036.

Although Zngi(s) is proved to have a bounded relative error under any dependence structure,

the numerical performances of this estimator is not better than Zygo(s). Note that Zngo has

bounded relative error only when the dependence structure is an Archimedean survival copula

of generator ® € RV (f), that is the case of Clayton survival copula in this section. However,

except the case of Clayton copula, Zngo presents acceptable results in most cases. For example,
(ZNR1)

in Table 4.3, under Gumbel survival copula, ratio Z(Zm equals to % ~ 37; or in Table 4.7,

this ratio under Gumbel copula is approximated to % ~ 15.

The construction of Zx g3 is more complex than that of Zxge; however, the 3" estimator has no
numerical improvement compared to the 2" one except for the case of Clayton copula. Indeed,
in Table 4.5, the relative error of Zypg3 is 0.480 while the relative error of Znpgo is 3.396 or in
Table 4.6, the relative error of Zyxpgs is 0.182 while the relative error of Zygo is 2.882. Under

the other dependence structures, the relative errors of Zygrg and Zyge are almost the same.

The 4" estimator has bounded relative error under Archimedean survival copula and it presents
favorable numerical results even when the dependence structure is an Archimedean copula. For
example, Zxgr4 has the smallest relative error under Clayton copula in all tables. Under Gumbel
copula, except Table 4.4 where s = 20 and Kendall’s 7 = 0.9 or Table 4.7 where s = 200 and
Kendall’'s 7 = 0.9, Zypgs4 also has the smallest relative error. Under Archimedean survival

copulas, there is not much difference between the relative error of Zypgo, Zngr3 and Zyg4.
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4.5 Intermediary proofs

Proof of Proposition 4.8

From the conditional distribution Fy,\zv,_, ...t (ujlz, uj—1,- -+ ,u1) with j = 1 we have the

conditional distribution F;,|z

B ()
o (2)

Fuyz(ui]z) = (1 -

for z < u; < 1. Because the marginal density of U; is 1 on (0,1), with the density of Z in

Proposition 4.7, we have the conditional density of Z|U;

(@)W (u)

fz1v, (zlul) = 9)l

for 0 < z < u;. The distribution function of Z is calculated as

(@ (u) — 2 (2))"*(@7)V(2)2™ (2 (2))

-1 n—-2 ~
Fru, (zlul) = (@“)‘”(uﬂ((n_)z)! [ (@) = @) (@) e (@ w)as
0
-1 n—2 0
- ) gy [ - e ) e
P (2)
-1 n—2 o0
)y [ @) (e )
D (2)
— (<I><—)(1)( (_l)niz — n—2x (n—1) eS)
= — uy) (n—2)![(v_q) ()" @ (v) o (2)
— / (n—2)(v-— <I>—1(u1))"‘3q>(”—1>(v)dv]
D (2)

Note that lim (v — @“(ul))jéu)(v) =0 for all j = 1,---,n — 2. The distribution of Z
V—00

conditioning on U is then

-1 n—2
Fyjun (2|ul) = (@*)”(ul)[((n_)m!(@*(z)—@F(ul»”2<1><”-1><<I>*<z>>
-1 n—3 oo
B (<n_)3>| / (v =@ ()" 2D (w)do]
= e e e <I><;(Z)
_ —\ (1) = (71)]‘ — — I+ (o
= (29) V() Y (25 (2) = @ () U (@ (2))
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for z € (0, uq).

Proof of Proposition 4.9

We can verify this property easily: the variance of Zx r1(8) is bounded by:

Var(Z¥m(s) = var (Z (Fi<s/n>—E<s>)n{sgi>s,X;:M5i})
=1

— Z (Fi(s/n) — Fi(s))2 var (H{s§i>s,X;:Mfi})

i=1

IN
=
»
~
S
o
2
S
[\
2
&
B
o
IN
SR
ilngh
S
[\

2
N———
N
=
o

The variance of ZX ,(s) can be verified similarly.

Proof of Proposition 4.10

(n—2)

Because ® is differentiable, the survival distribution function of the radius R becomes

n—l z
Fala) = Y_(-1 — @0)()
j=0

Following the property of the regularly varying function, with ® € RV, (—/3) then for j =

1,---,(n—1), we have
(=1 2l @U)(x) .
T LA

and we can deduce

n—1 xj
i 1 a0)(e
I N N ()_”Zlﬁ(ﬁJrl)--'(ﬁij—l)

We define g(r) = Y Ff(®(r)) and LY (s) = inf{r € RT : g(r) > s}. Because F*~ and ® are
i=1

both non—increasing functions then for all W € §S,, we have

g(r) =Y F(®(rx 1)) > > F(D(rW;))
1=1 i=1
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then LY (s) < LY(W,s) YW € S,,. Moreover, from the definiton of L} (s), we have
max F;(®(LY (s))) > s/n — ®(LY (s)) < max F(s/n) <n® max F(s) <n®z(s)

i:1727“' T —1,2, N Z:1,2,"' ,n

Thus, with SILIEO LY (s) = oo, the second moment of Zyga(s) is bounded by

2

IN

) < 2([POE) > 8)]” +E([Fr(¥ (W, 9)])
2 ([P > )] + [Fr(LY ()]°)

2
n_l DY ._

E([ZNpa(5)]

IN

BB+ (B+J—1)

2(s)2 + i

IN
N

1 4 n2on i

IA
()

Proof of Proposition 4.11

We start with an inequation between ® and Fg.

Remark If ® is a n-monotone function, (n — 1)-times differentiable and the random variable

R has the distribution function satisfies 4.6 then we have

O (ax)

(1@ 2 Fr(@) Yo € RT and a € (0.1)

Indeed, because @ is non-increasing function then there exists p € (ax, ) such that

n—2 z* (n—1)
®(ax) = Z(l _ a)k o (_1)kq)(k) (z) + (1 — a)(n—l) CESY (_1)(n—1) (I)(n—l)(,u)

k=0

Following the property of n-monotone function: (—1)®~2)®"~2)(z) is a convex function, then

(=1)»=D®™=1)(z) is a non-increasing function, that means (—1)»= Do = (1) > (=1)(= D=1 (1)
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because u < x. Thus we have

n—1 [Bk
®(az) > > (1—a)(—=1)" o d®) ()
k=0 :
D(a n—1 xk .
Aae 2 2= ) 500 @) = Fe(o)
k=0

To verify the Proposition 4.11, first Z NR3 5(s) is bounded by Fr(LY (W, s))

ZNr3o(s) = Fr(UY (W, s)) — Fr (LY (W, s)) < Fg(L) (W, s))

_ A FZ AS
Moreover, from the definition of Fr(LY (W, s)) and M{ (W( >)}, there exists two indexes
i1,i2 € 1,2,--- ,n such that '
OT(Fi(Xs)), DT (Fy,(As)) T (Fyy(As))
LY (W, s) > M = v
A ( ) S) — 2{ W'L } Wil Wi2

Therefore,

and for j = 1,2 we have Fj, (As) ~ X" Fj (s) < A™*z(s). Finally,

B2 (o)?) < E(F(BWo)) < 8 ([0 3) -0 A = w2) =] ) a2
< 2271—2)\—204” [Z(S)]2
Proof of Proposition 4.12

From the multivariate distribution function of Y = (Y7,---,Y},) in the first section

P(Yl Sy, Yy < yn) = Z (_1)j C(Fll(yu)a aFij(yij))

1<i, - ,i;<n
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We can calculate the derivative of F(yi,--- ,y,) following y_,. Note that in the sum of 2"
elements, there are only two elements are different from 0 after taking the derivatives (n — 1)

times.

5(n71)P(Y1 < Y1, Yn < yn)

o = 2 B L) V@) I i)

1 0Yi—10Yiy1 - OYn o p p

DS e (Fi(wy) [T (@) Y (B [T £5w9)
j=1

JF JF

and note that the density of Y_; is

fly) =200 S o (Fw)) [I @)V (E ) H £i(y))
j=1,j#i J=1,j#i J=1j#i

The conditional distribution of Y;* =Y;|Y_; =y_, is then

(—1)" 180D (Y & (Fy(y) TT (0) D (Fy () 11 15)

P <wilYoi=y_;) = 1- —— - M
(=D te=D(30 & (Fj(y;)) 1 (2)(Fi(y))) H fi(y5)
j#4 J#
o1 ( Zl@_(F (7))
1- = _
=D (3 @ (Fy(y;)))
J#i
Proof of Proposition 4.13
11—k
P(SY > s, MY < ks) =P(SY > s, M} < rs, MY | > 1 s)
n—

If we estimate this probability conditionally on W € §,, by the same method of estimating

Z¥ r39(8), the value of X in this case is € (0,1/n), the second moment of this estimator is

—2a,
1—k

— x [2Y(s)]?. Thus, the variance of Z} ps 5(s) is bounded
n — )

upper bounded by 2272
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by
—2an
% (7 - 2 on1 [17F Y[ N2
Var(Zypa(s)) < 22[(1%(/43) — Fy(s))]*Var (H{SrgﬁiN%m:Mnyfa}) +2 p— [z (s)]
i=1
—2ap,
n K
< ;[ (ks)]” + — z (s)]
—2an
—K
S 2K42an+_22n71 [ZY(SHQ
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TABLE 4.1: Quality of our estimators, B.r.e: Bounded relative error

Estimator ZNRl ZNR2 ZNRg ZNR4
Arch copula B.re Not verified Not verified Not verified
Arch survival copula B.r.e Bure (® € RV (—8)) Not verified B.re
Other structure Bur.e Not verified Not verified Not verified

TABLE 4.2: Sum of 5 Lomax (2.5), s = 20, Kendall’'s 7 = 0.1

Copulas E(ZNr1)  E(Znm2)  E(Znrs) E(ZNRa)
e(Znr1) e(Znr2) e(Znr3) e(ZnRra)
Clayton 0.00379306 0.00386807 0.00384904  0.00383534
2.805 3.174 1.916 0.923
Gumbel 0.00734014 0.00722742 0.00711167 0.00718644
2.818 1.220 0.946 0.666
Survival Clayton 0.00751367 0.00765628 0.00771573 0.007658015
2.774 0.088 0.095 0.145
Survival Gumbel 0.00443284 0.00431637 0.00432776 0.004326611
2.916 0.297 0.295 0.191

TABLE 4.3: Sum of 5 Lomax (2.5), s = 20, Kendall’'s 7 = 0.5

Copulas E(Znr1)  E(Zng2) E(ZNRs) E(ZNRa)
e(Znr1) e(Znr2) e(Znr3) e(Znpa)

Clayton 0.00592816 0.00626043 0.006108816  0.00610554
2.868 2.132 1.696 0.829

Gumbel 0.01522982 0.01551193 0.015515734 0.015427433
2.106 0.229 0.229 0.184

Survival Clayton 0.01639236 0.01661593 0.016648815 0.016583226
2.034 0.112 0.109 0.126

Survival Gumbel 0.01095976 0.01116367 0.011170268 0.011168049
2.8378 0.065 0.065 0.110

TABLE 4.4: Sum of 5 Lomax (2.5), s = 20, Kendall’'s 7 = 0.9

Copulas E(Zyr1)  E(Znr2)  E(Zngs)  E(Znra)
e(ZnR1) e(Znr2) e(ZnR3) e(ZnRa)
Clayton 0.01701347 0.01722898 0.01730004 0.01714553
1.909 0.636 0.635 0.363
Gumbel 0.01818365 0.01918613 0.0191801 0.01919531
1.922 0.028 0.029 0.032
Survival Clayton 0.0175496 0.01786598 0.01786844 0.01787014
1.966 0.017 0.017 0.023
Survival Gumbel 0.01682336 0.01763007 0.01764852 0.01765862
1.995 0.088 0.089 0.091
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TABLE 4.5: Sum of 5 Lomax (2.5), s = 200, Kendall’s 7 = 0.1

Copulas E(ZNRl) E(ZNRQ) E(ZNR;),) E(ZNR4)
e(ZNRr1) e(ZNr2) e(ZNR3) e(ZNRa4)
Clayton 9.27623E-06 9.10775E-06 9.07197E-06 9.07119E-06
1.701 3.396 0.480 0.270
Gumbel 3.19991E-05 3.16144E-05 3.16638E-05 3.13636E-05
3.216 0.752 0.626 0.584
Survival Clayton 2.1843E-05  2.18073E-05 2.17775E-05 2.17643E-05
3.582 0.130 0.165 0.145
Survival Gumbel 9.18493E-06 9.2342E-06  9.22524E-06 9.22872E-06
1.568 0.130 0.070 0.112

TABLE 4.6: Sum of 5 Lomax (2.5), s = 200, Kendall’s 7 = 0.5

Copulas E(ZNR1) E(ZnR2) E(ZNR3) E(ZNRa)
e(ZNr1) e(ZNR2) e(ZNRs3) e(ZNRa)
Clayton 9.54965E-06 9.24395E-06 9.37001E-06 9.37181E-06
2.023 2.882 0.182 0.120
Gumbel 7.84723E-05  7.9696E-05 7.91973E-05 7.96030E-05
2.148 0.273 0.240 0.230
Survival Clayton 8.67011E-05 8.63854E-05 8.60928E-05 8.61954E-05
2.036 0.111 0.118 0.133
Survival Gumbel 1.49943E-05 1.53712E-05 1.53317E-05 1.53699E-05
3.559 0.263 0.274 0.179

TABLE 4.7: Sum of 5 Lomax (2.5), s = 200, Kendall’s 7 = 0.9

Copulas E(ZnR1) E(ZnR2) E(ZNR3) E(ZNRa)
e(ZnR1) e(ZnRr2) e(ZnRs3) e(ZNRa)
Clayton 1.0871E-05 1.1563E-05 1.03202E-05 1.07798E-05
2.867 6.739 1.077 0.818
Gumbel 9.18427E-05 1.09482E-04 1.07552E-04 1.09196E-04
1.973 0.134 0.096 0.127
Survival Clayton 1.14134E-04 9.27657E-05 9.27742E-05 9.27769E-05
1.721 0.017 0.017 0.015

Survival Gumbel 7.74801E-05 7.93332E-05 7.87621E-05 7.94657E-05
2.155 0.136 0.198 0.139
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Conclusion

Dans ce travail de these, nous avons apporté des contributions supplémentaires aux techniques
de calcul et de simulation pour l'approximation de la queue de distribution de sommes des

variables aléatoires & variations régulieres.

Le premier chapitre de la these est constitué d’une introduction générale avec une présentation

des principaux résultats obtenus.

Dans le deuxieme chapitre, nous avons proposé un algorithme de calcul pour déterminer la
queue de distribution d’'une somme de variables aléatoires de type Pareto. Les variables n’ont
pas nécessairement le méme indice de queue ou le méme parametre d’échelle. Le résultat sous

forme de développement en série est simple et facile & implémenter.

Dans le troisieme chapitre, nous avons abordé la problématique de la simulation de la probabilité
que la somme de variables aléatoires indépendantes a variations régulieres soit plus grande qu'un
seuil élevé. Les résultats obtenus sont plus efficaces que les méthodes précédemment proposées

dans la littérature.

Le quatrieme chapitre de cette these a apporté des éléments de réponse au probleme de calcul de
la queue de distribution de sommes de variables aléatoires dépendantes a variations régulieres.
La dépendance est modélisée sous forme de copule archimédienne. Par des techniques de Monte
Carlo conditionnelles, nous proposons quatre estimateurs dont les erreurs relatives sont efficaces
dans le contexte de simulations des événements rares. Les simulations a la fin du chapitre et dans
I’Annexe B montrent que certains estimateurs sont également précis dans les cas des variables

qui ne sont pas a variations régulieres.



Appendix A

Some useful concepts

A.1 Properties of regularly varying function

Theorem A.1 (Representation theorem). A positive measurable function L on [xg, 00) is slowly

varying if and only if it can be written in the form

L(z) = c¢(x) exp /z 6(ng)dy

0

where ¢(.) is a measurable non-negative function such that lim = ¢o € [0,00) and e(x) — 0
r—00

when x — 00.

From the representation theorem it is clear that a regularly varying function f with index «

has representation

where ¢(.) and €(.) are as above.

Theorem A.2 (Uniform convergent). If f is reqularly varying with indez o (in the case a > 0,

assuming f bounded on each interval (0,x]), then for 0 <a <b < oo

lim @ =t%, uniformly in t
e T

e on each [a,b] if a =0

e on each (0,b] if « >0
118
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e on each [a,o0) if a <0

Theorem A.3 (Karamata theorem). Let L be slowly varying and locally bounded in [zq,00)

for some x¢g > 0. Then

o fora>—1

/ O L(t)dt ~ (a + 1) 2" L(z)

o

o fora< —1

/taL(t)dt ~ —(a+ 1)z L(z)

T

The conclusions of Karamata’s theorem can alternatively be formulated as follows. Supppose f

is regularly varying with index « and f is locally bounded on [z(, c0) for some z > 0. Then

o for v > —1
[ f(t)dt .
1. o —
o fora< —1
froa
1i o _
T30 zf(x) 1+«

A.2 Modelling dependence with copulas

Copula is a multivariate distribution function deffined on the unit cube [0, 1]”, with uniformly
distributed marginals. Sklar’s theorem (1959) is the most important result regarding copulas,

and is used in essentially all applications of copulas.

Theorem A.4 (Sklar, 1959). Let F be an n-dimensional distribution function with margins

by, - | F,. Then there exists an n-copula C such that for all x in R"

F(xy, - ,xp) = C(Fi(z1), -, Fu(zn))
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If Fy,--- , Fy are all continuous, then C is unique; otherwise C' is uniquel. Conversely, if C is
an n-copula and Fy,--- , F, are distribution functions, then the function F deffined above is an

n-dimensional distribution function with margins Fy,--- | Fy.

Copula is useful to define the new measures of dependence, concordance between random vari-
ables for example. Let (z,y) and (Z,7) be two observations from a vector (X,Y’) of continuous
random variables. Then (x,y) and (Z,g) are said to be concordant if (x — Z)(y — ) > 0, and

discordant if (xr — Z)(y —g) > 0.

Theorem A.5 (Nelsen, 1999). Let (X,Y) and (X,Y) be independent vectors of continuous
random variables with joint distribution functions F and F, respectively, with common margins
Fy (of X and X) and Fy (of Y andY). Let C and C denote the copulas of (X,Y) and (X,Y).
Let @ denote the difference between the probability of concordance and discordance of (X,Y)
and (X,Y), i.e. let

Q=P((X-X)(y-¥)>0)-P((X - X)(Y - V) <0)
then

1,1
Q=0Q(C.C) = 4/ / Cuyv) dC(u,v) — 1
0 Jo
Kendall’s Tau and Spearman’s rho are measures of concordance

1,1
T(X,)Y) = Q(C,C)—4/O /0 C(u,v) dC(u,v) —1
p(X,)Y) = 3><Q(C,H)—12/1/1C(u,v) dudv — 3
0o Jo

where II is the independent copula II(u,v) = uv.

Tail dependence is a concept that is relevant for the study of dependence between extreme

values.

Definition A.6. Let (X,Y) be a vector of continuous random variables with marginal distri-
bution functions Fy and Fy. The coefficient of upper tail dependence and lower tail dependence
of (X,Y) are

AU = lim1 PY > Fy (u)|X > F{ (u))
u—

AL = lirr(l)P(Y < Fy (u)|X < Ff (u))
u—

provided that the limits Ay and A, € [0, 1] exist.
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Note that if the copula of (X,Y) is C' and Ay, A, exist then

1—-2u+ C(u,u)

= 1.
)\U u1—>rnl 1—u
Ao = lim CW
u—0 u

A.3 Inverse Laplace transform and GWR alorithm

The analytic solution to the inverse problem is provided by the Post-Widder formula.

Theorem A.7. Post-Widder formula Let f(t) be a continuous function on the interval [0, c0)

of exponential order, i.e. sup % < oo for some real number c. Then for all t > ¢ the Laplace
>0

transform L(f(t)) is existed and is infinitely differentiable. Furthermore, the inverse Laplace

transform of L(f(t)) is given by

fort >0, where L®(f(t)) is k™ derivative of L(f(t)).

(=1)* ( k)k—i-l

kNt

To simplify the formula, let g(t) = L(f(t)) and fr(t) = "

the difference operator to approximate fi(t) by g

g(t). Gaver (1960) used

ak k

fit) = — C, Y (1) Clg(a(k + 5)/t)
§=0

with a = log(2). The Gaver function fx(¢) can be computed by a recursive algorithm

G — %g(an/t), 1<n<2M
G =1+ PO - TGN k2 1 n 2k
flt) = G

The Gaver functionals provide a poor approximation because |f(t) — fi(t)| ~ ¢/k as k — oo.
The Gave-Wynn-Rho (GWR) algorithm is based on a special sequence acceleration of the Gaver

functionals and is calculated by algorithm of Wynn rho:

e First set the precision to M where M is an even integer.

e Compute the function fi(t), fa(t),- -, fa(t) by A.1
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e Approximation for f(t): f(t, M) is calculated recursively

k

n+1 n
pl(c—l ) - pl(c—)l

P =05 08 = fult) ;s P =P +

e Return f(¢t,M) = pg\g)
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TABLE B.1: Compound sum Pareto: Geometric(p = 1/3); Binominal(p = 0.1,n = 30),
Poisson(A = 3)
s P(Sg > s) P(Sp > s) P(Sp > s)
50 0.01490215 0.01116803 0.01131394
100 0.00369731 0.00343022 0.00344884
500 0.00027840 0.00027546 0.00027572
1000 0.00009661 0.00009611 0.00009616
VaR SG SB Sp
99.5% 84.43124592  79.64140474 79.97917234
99.9%  220.3769147 216.64065718 216.9542133
TVaR SG SB Sp
99.5% 100.4483012  87.6828265 88.3558543
99.9%  266.9683078  237.6730277  239.0591047
TABLE B.2: High precision, Compound Pareto (o« = 1.38673,5 = 1)
s=175 Compound Poisson, P(Sp < s), Ap =3
K=150 0,99090,62583,94987,94461,16572,31656,15350,14832,32813,94395,01447,26730
K=100 0,99090,62583,94987,94461,16572,31656,15350,14832,32813,94395,01447,26730
K=50 0,99090,62583,94987,94461,16572,31656,15351,00086.49012,35983,14979,80984
K=30 0,99090,62583,94987,94461,16572,31628,64023,20306,96016,83345,08914,14328
K=20 0,99090,62583,94987,94462,56454,79154,48504,15251,02565,94152,33592,34410
K=10 0,99090,62583,90735,45308,51126,61397,07815,12376.91297,91588,92462.66065
s =100 Compound Poisson, P(Sp < s), Ap =3
K=150 0.99417,65191,32201,23756,51304,00023,56082,69776,56939,81749,87515,26844
K=100 0.99417,65191,32201,23756,51304,00023,56082,69776,56939,81749,87515,26844
K=50 0.99417,65191,32201,23756,51304,00023,56082,69776,56954,57572,41854.76785
K=30 0.99417,65191,32201,23756,51304,00023,54296,56972.21153,104306,14462.46722
K=20 0.99417,65191,32201,23756,51825.31202,03063,85905.94601,91372,48430.,61888
K=10 0.99417,65191,32013,84094,16956,07007,45727,97039.87378,67188,89473,56658
s=175 Compound Geometric, P(Sg < s), pa = 0.25
K=150 0.98783,48893,23327,92839,77666,26575,71893,51597,49148,29564,64519,99008
K=100 0.98783,48893,23327,92839,77666,26508,91804,68002,48064.,62555,06067,59478
s = 100 Compound Geometric, P(Sg < s), pg = 0.25
K=150 0.99285,99202,94532,95196,44116,37967,78586,42958,78302,42448,63054,96633
K=100 0.99285,99202,94532,95196,44116,37967,78586,42958,78457,31388,16320,28661

TaBLE B.3: High precision, VaR, TVaR of Compound Poisson(Ap = 3)
Pareto(a = 1.38673,3 = 1)

VaRo.99(Sp) 70.62034,28949,69582,71093,65490
Error < 1028

TVaRpg9(Sp) 229.10141,44343,25739,00403,21500
Error < 10-28
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TABLE B.4: High precision, VaR, TVaR of Compound Geometric(pg = 1/3)
Pareto(a = 1.38673,8 = 1)

VaRoogo(Se)  83.18821,26447,33167,08707,11829

Error < 10732
TVaRyg9(Sa) 240.98320,30652,37699,15345,55790
Error < 1032

TABLE B.5: Sum of 50 Exps(u = 1), survival Clayton,
Kendall’s 7 = 1/3, simulated by Zy g2

S

P(S50 < s)

e(ZnR2)

100
200
300
400
500

0.097574172
0.010941223
0.001425116
0.000191641
2.59119e-05

0.0721066
0.0973476
0.1070046
0.1095835
0.1104851

TABLE B.6: Sum of 50 Paretos(a = 2.5, 8 = 1), survival Clayton,
Kendall’s 7 = 0.4, simulated by Zn g2

s P(Ss0 <s)  e(Znr2)

1000 0.009473277  0.03167215
5000 0.0008963652 0.03179081
20,000  1.132780e-04 0.03212107
100,000 1.015752e-05 0.03195867

TABLE B.7: Sum of 50 Paretos(aw = 2.5, 8 = 1), survival Clayton,
Kendall’s 7 = 0.7, simulated by Zxn g2

s P(S50 < s) e(ZNR2)

1000 0.0102844634 0.01844034
5000 0.0009747038 0.01836228
20,000 1.232478e-04 0.01857353
100,000 1.105643e-05 0.01843685
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